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RESUMO

Desde o �nal do século XIX, a noção de formalizar a matemática se tornou um tópico
cada vez mais importante. Os benefícios da formalização são bem conhecidos, desde o uso
de veri�cadores de provas (proof checkers) até o desenvolvimento de algoritmos. Apesar
disso, o formalismo muitas vezes vem ao custo de legibilidade, e geralmente é conside-
rado uma espécie de pós-processamento. Primeiro, a teoria é desenvolvida e entendida de
maneira informal, e só então é feito o processo custoso de transferí-la para um ambiente
formal. A boa notícia é que, frequentemente, há maneiras de desenvolver uma teoria
de maneira mais formal sem sacri�car intuição e legibilidade. Isso pode ser feito, por
exemplo, com o uso de provas calculacionais, que é um estilo de prova desenvolvido por
Dijkstra (DIJKSTRA; SCHOLTEN, 2012). É uma maneira estruturada de provar pro-
posições, semelhante a uma linguagem de programação. Em outras palavras, assim como
linguagens de alto nível, elas mantém a legibilidade e, ao mesmo tempo, são estruturadas
o su�ciente para permitirem uma fácil tradução para um ambiente formal (por exemplo,
um computador). A álgebra linear, como uma das áreas fundamentais da matemática,
parece ser um lugar importante para introduzir provas calculacionais. Uma abordagem
em particular, chamada álgebra linear relacional grá�ca, já faz isso e parece ter muito
potencial nesse sentido. É uma linguagem grá�ca para álgebra linear e foi desenvolvida
inicialmente por Pablo Zanasi em sua tese Interacting Hopf Algebras (ZANASI, 2015).
A parte relacional representa o uso de relações lineares: em vez de considerar os espaços
vetoriais e as transformações lineares como duas entidades separadas, como geralmente é
feito na álgebra linear, as relações lineares são capazes de generalizar ambos os conceitos
em um só. A parte grá�ca representa o uso de diagramas de corda, que são diagramas
formais bidimensionais, de�nidos indutivamente. Eles trazem intuição visual para os ar-
gumentos sem sacri�car a formalidade e costumam fazer provas �carem curtas e formais.
No entanto, a álgebra linear relacional grá�ca ainda não foi desenvolvida o su�ciente,
no sentido de que a maioria dos teoremas fundamentais de álgebra linear ainda não fo-
ram provados nesta linguagem. Este trabalho pretende ser um passo em direção a esse
objetivo. Desenvolvemos um conjunto de axiomas mais curto e simétrico. Damos uma
de�nição indutiva de matrizes completamente dentro da linguagem grá�ca e um algoritmo
para multiplicação de matrizes. Por �m, usando uma decomposição relacional bem co-
nhecida, provamos vários resultados fundamentais de álgebra linear com provas curtas e
calculacionais.

Palavras-chave: álgebra linear; linguagem grá�ca; relações lineares; provas calculacio-

nais; recursão; linguagens formais.



ABSTRACT

Since the late 19th century, the notion of formalizing mathematics has become an increas-
ingly important topic. The bene�ts of formalization are well known, ranging from the use
of proof checkers to the derivation of algorithms. Despite that, formalism often comes at
the cost of readability, and is usually regarded as a kind of post processing. First, one
carefully develops and understands the theory in an informal environment, and then goes
through the laborious process of transferring it to a formal one. The good news is that,
often, there are ways of developing a theory in a semi-formal fashion without sacri�cing
intuition and readability. This can be done, for instance, with the use of calculational
proofs, which is a style of proof developed by Dijkstra (DIJKSTRA; SCHOLTEN, 2012).
It is a structured way of proving statements, similar to a programming language. In other
words, just like modern high-level languages, it retains human readability, while being
structured enough to easily allow translation to a formal environment (i.e. a computer).
Linear algebra, as one of the fundamental areas of mathematics, seems to be an important
place to introduce calculational proofs. In fact, one particular approach, called relational
graphical linear algebra, already does this and seems to have much potential in that regard.
It is a graphical language for linear algebra and was initially developed by Pablo Zanasi
in his thesis Interacting Hopf Algebras (ZANASI, 2015). The relational part stands for
the use of linear relations: instead of regarding vector spaces and linear transformations
as two separate entities, as it is usually done in linear algebra, linear relations are able to
generalize both concepts into a single one. The graphical part stands for the use of string
diagrams, which are 2-dimensional formal diagrams, which are de�ned inductively. They
bring visual intuition to the arguments without sacri�cing formality, and usually make
proofs short and formal. However, it has not yet been developed enough, in the sense that
most of the fundamental theorems are yet to be proven in this language. This work aims
to be a step forward towards that goal. We develop a shorter, more symmetric set of ax-
ioms. We give an inductive de�nition of matrices completely inside the graphical language
and an algorithm for matrix multiplication. Lastly, using an appropriate decomposition
result, we prove various fundamental linear algebra results with short calculational proofs.

Keywords: linear algebra; graphical language; linear relations; calculational proofs; re-

cursion; formal systems.
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1 INTRODUCTION

1.1 INFORMAL VS. FORMAL MATHEMATICS

Since the late 19th century, with the works of Kurt Gödel and David Hilbert, the

notion of formalizing mathematics has been heavily studied and developed. Formaliza-

tion can be summarized informally in one sentence: it is the act of explaining something

so that a computer can understand. By bringing math to the computer level, we can

make use of proof-checkers to make sure our theory is sound (BEESON; NARBOUX;

WIEDIJK, 2019). Also, it becomes easier to translate constructive proofs into algo-

rithms (BACKHOUSE; FERREIRA, 2011). Despite these advantages, formalized sys-

tems are often complicated, and the proofs are hard for humans to read. Consequently,

formalization is still regarded as a sort of postprocessing. First, one understands and

develops the theory carefully in an informal language, and only then goes through the

laborious process of formalizing it inside a computer. In a sense, these are seen as two se-

parate processes. There is the informal world, where humans can understand and develop

informal proofs, but computers can't, and there is the formal world, where computers can

check the proofs and run algorithms, but the proofs are so complex it becomes unreadable

for humans. For some, readability and formalism may even seem like opposite concepts.

It would be desirable to have a way of taking advantage of a formalized system while still

carrying the readability of an informal one.

1.1.1 Programming languages lie between informal and formal

A similar problem occurred with the development of computer programs. In the middle

of the 20th century, programmers had to �rst describe their code in an informal, readable

language that could be transmitted to other programmers, and after that, they had to

exhaustively convert their code to machine language. During that time, communication

between humans and computers was di�cult, and the main solution to that problem

was the use of programming languages. In a sense, they are a middle agent between

humans and machines. Code can be written in a way other humans can understand,

and the process of converting it to machine language is so well determined it can be

automatized (by the use of compilers). In fact, since that breakthrough, programming

languages became closer and closer to the way humans communicate, without losing the

formality necessary to be converted into machine language. Examples of this are high-

level languages such as Python, Haskell, and even programming languages developed for

children.

An interesting informal question is what would be the equivalent of a �programming

language� inside of math. One option would be to develop the theory using a proof
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assistant like Coq or Lean. For some people, however, that may already be too close

to �machine language�. Another option is using a style of proof similar, or equal, to a

calculational proof.

1.1.1.1 Calculational proofs: making proofs more like programs

Calculational proof is a style of proving introduced by Dijkstra and Scholten in their

book Predicate Calculus and Program Semantics (DIJKSTRA; SCHOLTEN, 2012; LIFS-

CHITZ, 2022; GRIES; SCHNEIDER, 1995; BACK; GRUNDY; WRIGHT, 1997). The

key idea is that statements are boolean objects, and a proof is nothing but a series of

transformations applied to a statement to arrive at an equivalent statement, or the value

true. For instance, when trying to prove that A is equivalent to D, one might �rst trans-

form it into a statement B, which would then be transformed into a statement C, which

lastly would be transformed into D. These transformations would all be equivalencies. In

the calculational proof format, these steps are shown in sequential order, and in between

them lies their justi�cation.

A

⇐⇒ { hint why A ⇐⇒ B }

B

⇐⇒ { hint why B ⇐⇒ C }

C

⇐⇒ { hint why C ⇐⇒ D }

D

Thanks to the transitivity of equivalencies, these steps put together would imply that

A ⇐⇒ D. Notice how that proof format is similar to a series of instructions. If a

constructive proof were to be written in that fashion, the individual steps would be visible.

The act of translating it into a computer algorithm would be a matter of encoding the

individual steps into it, much like what a compiler does. That same proof format could be

adapted to all sorts of arguments. Notice that equivalence is the connector between the

steps, but any transitive relation would su�ce. For instance, it is possible to use =⇒ ,

⊆ and =.

Comparing math to a programming language is a useful analogy. Some properties

that are useful in one context tend to be useful in the other. For instance, recursion is

an important concept inside programming and, inside math, recursive data structures are

the heart of inductive proofs. Axioms could be compared to dependencies of a computer

program. One could go wild with these thoughts. Just keep in mind these are informal
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analogies and in no way suggest a formal connection (even though there is one!) between

programming and mathematics.

The pursuit of formality can lead to interesting insights into di�erent areas of mathe-

matics. In this work, we will focus on a single, fundamental area: linear algebra.

1.2 LINEAR ALGEBRA

Linear algebra is one of the engine rooms of science, underpinning both recent advan-

ces in, e.g., data science and machine learning, as well as powering other subjects that

saw rapid development during the 20th century, e.g., control theory, computer graphics,

network theory, quantum computing, and many others. Seemingly unrelated technologies

are inherently linear algebraic: e.g., the Google PageRank concept is an eigenvector, and

numerical linear algebra algorithms are at the core of convex optimization. Further a�eld,

linear algebra is the backbone of much of modern mathematical physics; e.g., non-linear

di�erential equations are solved by iterating linear systems. It is di�cult to overstate the

sheer practicality of linear algebra theory and its in�uence in shaping modern science.

1.2.1 Why care about language in linear algebra

�Using matrix notation such a set of simultaneous equations takes the form

Ax = b where x is the vector of unknown values, A is the matrix of coef-

�cients and b is the vector of values on the right side of the equation. In

this way, a set of equations has been reduced to a single equation. This is a

tremendous improvement in concision that does not incur any loss of preci-

sion!� (BACKHOUSE; OLIVEIRA, 2006)

Language has always played an important role in linear algebra. One of the most

useful language developments inside the theory was the representation of linear systems

in a compact way, namely, the use of the point-free notation Ax = b instead of the

extensive listing of equalities.

a11x1 + a12x2 + a13x3 = b1

a21x1 + a22x2 + a23x3 = b2

a31x1 + a32x2 + a33x3 = b3

→ Ax = b (1.1)

In (1.1), the symbols aij and bi are not necessary to represent the idea of a linear

system. Unique solutions can be expressed merely by the expression x = A−1b, without

the need of looking �inside� the matrix A. Some aspects, however, may still be improved.

One example is the way algorithms are developed mathematically. Linear algebra has lots

of algorithms, which require proofs and implementations. Normally, these two things are
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done separately. One �rst needs to construct some decomposition mathematically, and

after that �gure out how to implement it inside a programming language. Calculational

proofs could help diminish the gap between these two processes. Proofs done in this

style have clear steps, which usually can be translated into computer instructions without

di�culty.

1.2.1.1 Example of informal linear algebra

Such an old and fundamental �eld as linear algebra naturally has already been for-

mulated in several di�erent ways. One of the modern and widely used books is Linear

Algebra Done Right by Sheldon Axler (AXLER, 2015), which is a common textbook in

universities. Inside the book, linear transformations and vector spaces are de�ned using

sets. The intersection of subspaces, for example, is just the intersection of sets, which

will probably spark the image of a Venn Diagram inside most people's heads. Hence,

proofs in the book are intuitive in the geometric sense. However, some disadvantages

do exist. For a good portion of the book, there are no matrices, and instead the focus

is on the set-theoretical de�nition of linear transformations. This, �rst of all, leads to

point-dependency, since there is the need to pick individual elements out of the vector

space's set representation. Also, proofs in the book are wordy, in the sense that there is a

lot of explaining inside of them. This leads to long arguments and informality. Consider

the following proof present in the book.

Lemma 1 (Every subspace of V is part of a direct sum equal to V). Let F be a �eld and

V a �nite-dimensional vector space in F k. Let U be a subspace of V . Then there is a

subspace W of V such that V = U ⊕W .

Demonstração. Because V is �nite dimensional, so is U . Thus there is a basis u1, ..., um

of U . Of course, u1, ..., um is a linearly independent list of vectors in V . Hence this list

can be extended to a bases u1, ..., um, w1, ..., wn of V . Let W = span(w1, ..., wn).

To prove that V = U ⊕W , we need only show that

V = U +W and U ∩W = {0}.

To prove the �rst equation above, suppose v ∈ V . Then, because the list u1, ..., um, w1, ..., wn

spans V , there exist a1, ..., am, b1, ..., bn ∈ F such that

v = a1u1 + ...+ amum + b1w1 + ...+ bnwn

for any v ∈ V . Thus, V = U +W .

To show that U∩W = {0}, suppose v ∈ U∩W . Then there exists scalars a1, ..., am, b1, ..., bn ∈
F such that

v = a1u1 + ...+ amum = b1w1 + ...+ bnwn.
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Thus

a1u1 + ...+ amum − b1w1 − ...− bnwn = 0.

Because u1, ..., um, w1, ..., wn is linearly independent, this implies that a1 = ... = am =

b1 = ... = bn = 0. Thus v = 0, completing the proof that U ∩W = {0}.

While this style of proving contributes to human understanding, it diminishes compu-

ter implementability, since there usually are no clear steps in the proof to be translated

into an algorithm. In a �eld with so many computer science applications, this may be a

big disadvantage to some people. One may regard this formulation of linear algebra as a

human-oriented approach, equivalent to the �readable language� programmers had to use

in the computer science analogy.

1.2.1.2 Example of formal linear algebra

There is also the other end of the spectrum. One might call it the computer-oriented

approach, equivalent to �machine language� in the computer science analogy. These ap-

proaches are usually done inside proof assistants such as Coq and Lean. One example is

the paper Point-free Set-free Concrete Linear Algebra by Georges Gonthier (GONTHIER,

2011). There, linear transformations and vector spaces are completely de�ned in terms of

vectors and matrices. Proofs are formal and written inside the Coq proof assistant (which

was used in the formalization of the Odd-Number Theorem), so they already correspond

to algorithms. Also, as the paper's name suggests, this formulation is point-free. However,

it is not as readable as Axler's book, which may be a big disadvantage. As an example,

we show in Figure 1 the gaussian elimination algorithm implementation in Coq, as done

in the original work.

These two examples (Axler's book and Gonthier's paper) serve di�erent purposes. One

is made for teaching students, while the other is made for computer formalization. One is

left to wonder what could serve as a midpoint between these two. One recent approach,

called Relational Graphical Linear Algebra (usually abbreviated to GLA), seems to be a

good candidate for that. It manages to encapsulate the theory in a simple, formal and

elegant language where all proofs can be derived calculationally.

1.2.2 A language in between: Relational Graphical Linear Algebra

Graphical Linear Algebra (GLA) is a new approach to linear algebra developed by

Fabio Zanasi in his thesis Interacting Hopf Algebras (ZANASI, 2015). It was further

explored by other related works (BONCHI; SOBOCI�SKI; ZANASI, 2017a; PAIXÃO;

SOBOCI�SKI, 2020; FREITAS, 2019), including a nice blog by Pawel Sobocinski which

showcases it in a more introductory fashion (SOBOCI�SKI, ). It is a rather radical

approach, in the sense that both syntax and semantics are di�erent from what is commonly

used. The semantics is relational, while the syntax is graphical.
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Fig. 1 � Gaussian Elimination in Coq (GONTHIER, 2011)

1.2.2.1 Why relational

Semantics in linear algebra is mostly functional: the two objects of study are vector

spaces and linear transformations (linear functions) between them. In GLA, however, the

semantics are relational. That means the only objects inside the theory are linear relations.

The use of relations inside mathematics has been studied for more than 150 years with

works of DeMorgan, Pierce and Tarski (MADDUX, 1991; FEFERMAN, 2006; GIVANT,

2006; SCHMIDT, 2011). They provide some advantages in comparison to the functional

approach. One can view vector spaces and linear transformations as particular cases of

the general concept of linear relations. Besides the beauty of reducing everything to a

single object, this view provides us with more streamlined proofs where more symmetries

and dualities of linear algebra are apparent. There are many examples of long wordy

proofs which can be considerably shortened with this relational view.

Given a �eld k, a linear relation can be de�ned as follows.

De�nition 2. Fix a �eld k and k-vector spaces V , W . A linear relation from V to W is

a set R ⊆ V ×W that is a subspace of V ×W , considered as a k-vector space. Explicitly

this means that:

1. (0, 0) ∈ R.

2. If k ∈ k and (v, w) ∈ R, (kv, kw) ∈ R.

3. If (v, w), (v′, w′) ∈ R, (v + v′, w + w′) ∈ R.

The vector spaces V and W may also be zero-dimensional. In this case, they contain

only one element which we chose to call ∗. Since linear relations are nothing but sets, it

is possible to compare them in terms of set inclusion. For example, any linear relation R

must lie between the relation containing only the origin and the relation containing every

possible pair of elements, namely {(0, 0)} ⊆ R ⊆ k× k. Relational composition is de�ned

as follows.



14

De�nition 3 (Relational Composition). Given two relations R ⊆ U×V and S ⊆ V ×W ,

the composition R;S is the set of all pairs (u,w) such that there exists a v where (u, v) ∈ R

and (v, w) ∈ S. More precisely, it is the set {(u,w) | ∃v((u, v) ∈ R ∧ (v, w) ∈ S)}.

It is not hard to prove that this composition preserves linear relations. A linear

transformation T : U → V can be tought as the linear relation {(x, Tx) | x ∈ U}. Also,
a subspace U can be thought as the linear relation {(∗, u) | u ∈ U}. With this, one can

see that relations are a generalization of these two concepts. Various linear algebra ideas

seem to have nice relational representations.

A good example is the exchange lemma.

Lemma 4 (Exchange Lemma). Let {βi}1≤i≤b and {αi}1≤i≤a be two lists of vectors. Let

{βi} be linearly independent. Then, if span({βi}) ⊆ span({αi}), b ≤ a.

This is the usual formulation of the Exchange Lemma, and intuitively it states that

the length of any linearly independent list of vectors is less than or equal to the length

of any spanning list of vectors. It is possible to look at the list of linearly independent

vectors {βi}1≤i≤b as an injective matrix B, where each column in the matrix is a vector

in the list. Similarly, the list of vectors {αi}1≤i≤a can be thought of as a matrix A. Then,

the Lemma can be reformulated in matrix form.

Lemma 5 (Exchange Lemma Matrix Form). Let Bk×b, Ak×a be matrices. If Img(B) ⊆
Img(A) and B is injective, then b ≤ a.

Now consider the Pigeonhole Principle.

Lemma 6 (Pigeonhole). Let f : B → A be an injective function. Then, |B| ≤ |A|, where
| · | is the cardinality of a set.

The Pigeonhole Principle is usually de�ned using an injective function f . But the

hypothesis can be weakened to an injective total relation instead.

Lemma 7 (Pigeonhole Principle for Linear Relations). Let Bk×b, Ak×a be matrices. If

the relation B;Aop is total and injective, then b ≤ a.

Here, Aop is the �inverse� relation de�ned by (u, v) ∈ Aop ⇐⇒ (v, u) ∈ A. Inte-

restingly, the connection between this result and the Exchange Lemma isn't clear in the

classical semantics. But by using linear relations this connection becomes clearer. In fact,

Lemma 5 and Lemma 7 are equivalent. This comparison is here simply to show how the

relational view can shed light on connections that are possibly unclear in the functional

view. In the �rst Lemma, the two properties about A and B seem to be somewhat unre-

lated. However, in the second Lemma, they are properties about the same linear relation

(and these properties are symmetric, as we shall see in future chapters).
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Let's give another example. Consider two linear transformations X, Y and the sta-

tement �X is the right inverse of Y ". In classical semantics, we would need to write an

expression using the identity matrix or write some kind of implication to represent the

idea of right inverses.

Y X = I. (1.2)

In relational semantics, however, that idea can be merely expressed as

X ⊆ Y op, (1.3)

where Y op is the �inverse� relation de�ned by (u, v) ∈ Y op ⇐⇒ (v, u) ∈ Y . Intuitively,

we're saying that one relation is contained inside the inverse of the other. We still need

to specify the �inverse� operation, though. In this case, it was named op. In a graphical

language, the notion of a relation X having a inverse Y can be represented without the

use of symbols (other than X and Y ).

X ⊆ Y . (1.4)

1.2.2.2 Why graphical

In terms of syntax, GLA uses string diagrams to represent linear relations. They

are essentially drawings de�ned in a careful inductive way (SELINGER, 2011; BAEZ;

ERBELE, 2015). They allow humans to use their visual intuition while not compromising

formalism. Zanasi's axiomatization is also proven to be strong enough to prove any

linear algebra result. The proofs using diagrams are graphical and treated as a series of

formal rewriting rules, which already makes them a good place to use calculational proofs.

Sometimes, these graphical proofs are shorter, more concise and more informative than

their traditional symbolic counterparts. In short, many useful concepts in linear algebra

can be written graphically in a completely point-free, inductive and formal way. Consider,

for instance, the following de�nition and how the notions of image, domain and nullspace

are symmetric statements about a linear relation. You're not supposed to understand this

yet, but rather simply observe how the graphical language encapsulates di�erent concepts

into a single one (up to duality).

De�nition 8. Given a diagram R, we de�ne

1. the nullspace of R: N(R) := R ,

2. the multivalued part of R: Mul(R) := R ,

3. the image of R: Ran(R) := R ,

4. and the domain of R: Dom(R) := R .
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1.2.2.3 Proofs in this language are calculational

Graphical Linear Algebra is a formal language, where axioms are rewriting rules for

diagrams. This allows for calculational proofs, in the sense that every theorem is simply

a series of rewriting steps. Thanks to that, algorithms and proofs are closely related. In

later chapters, when we develop an algorithm for matrix multiplication, one will see that

the steps map quite nicely to the usual classical algorithm. Lemma 1 will also be proven

in this new approach and, as opposed to the wordy proof given in this chapter, it will

have a fully calculational argument.

This approach, however, has some disadvantages. First of all, The Interacting Hopf

Algebra's system has more than forty axioms. Matrices are de�ned iteratively, instead of

inductively. Also, as opposed to big works like Axler's, there are few proofs done in GLA.

Given the potential this approach displays for linear algebra, this work aims to be a step

forward in its growth. Our research question is as follows: how can we further develop

graphical linear algebra to �x these problems?

1.3 SUMMARY OF THE WORK

1.3.1 Our contributions

We have three main contributions:

� We propose a new axiomatization for Graphical Linear Algebra, reducing the num-

ber of axioms from 33 to merely 8. The axioms are high-level, in the sense that

the diagrams quanti�ed in them can have arbitrary size. Instead of duality, they

have double duality, meaning that every theorem we prove gives rise to other 3 free

theorems, merely by applying 2 main relational symmetries to the statement. Also,

we use inequalities to compare linear relations, which allows for shorter proofs in

comparison to the approach using only equalities (ZANASI, 2015).

� We develop a recursive de�nition of matrices completely inside the graphical lan-

guage. Originally, matrices were de�ned iteratively, which makes proofs of core

algorithms such as matrix multiplication not calculational. Our de�nition allows for

a recursive and calculational proof of the matrix multiplication algorithm.

� We make use of a single relational canonical decomposition to prove various linear

algebra results that were not yet proven inside the graphical language. This decom-

position is enough to derive in a few lines powerful results which, inside classical

books, would take whole paragraphs to prove. Not only that, but the proofs are

more connected. Seemingly unrelated theorems are revealed to simply be particular

cases of a single relational result.
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1.3.2 Overview of the chapters

Each of the chapters will correspond to one of our mentioned contributions. In the

second chapter, we'll introduce graphical linear algebra using a new set of axioms. The

majority of the chapter is spent proving propositions about the algebraic structure of

GLA, and we �nish by using this proposition to prove that our axioms are equivalent to

the Interacting Hopf Algebra's original ones.

In the third chapter, we present a de�nition of matrices inside the graphical language.

This has already been done (LAFONT, 2003; ZANASI, 2015), but with iterative data

structures. In our work, the de�nition is inductive and corresponds to the two ways one

goes about constructing a matrix: by using essentially a list of row vectors or a list of

column vectors. Then, we prove various useful theorems about this structure and �nish

the chapter by proving that matrices are closed by composition. This, thanks to the fact

that the proof is constructive and calculational, will naturally lead to an algorithm for

matrix multiplication.

In the fourth chapter, we prove various useful characterizations, which describe con-

cepts inside linear algebra in an elegant and uni�ed way. We'll also make use of a relational

canonical form to simplify most of the proofs. Finally, we'll conclude the chapter by pro-

ving various results which are included in most traditional linear algebra books. One will

be able to see that, while some of these proof have extensive, wordy arguments inside

classical works, the proofs presented in this chapter will often not go beyond the second

line. We'll then conclude by giving an overview of everything that was done and what

were the bene�ts achieved. We'll show some related research, and also discuss some pos-

sible future works and what we think are the prospects for graphical linear algebra in the

near future.
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2 RELATIONAL GRAPHICAL LINEAR ALGEBRA

In this chapter, we introduce the diagrammatic language known as Graphical Linear

Algebra (GLA). It is a graphical language for Linear Algebra that uses constructive di-

agrams to reason about linear relations. Our diagrams are an instance of a particular

class of string diagrams (SELINGER, 2010). They are rigorous mathematical objects and

are de�ned inductively. We will explain how diagrams are constructed and outline basic

principles of how to manipulate, and reason with them.

This language has its roots in category theory, particularly in the notion of strict

symmetric monoidal categories. However, as it stands, Graphical Linear Algebra is a self-

contained formal language, which means the reader is not expected to be familiar with

categorical concepts. The rules inherited from category theory will manifest themselves

in graphical deformations of diagrams, making them not only visually intuitive but also

understandable even for readers with no experience with category theory. So we will not

delve into these details.

In this chapter, we will showcase our �rst contribution. The language will be presented

using our �rst contribution, our axiomatization. This axiomatization was inspired by the

set of axioms presented in the work Interacting Hopf Algebras (ZANASI, 2015). While the

original work had 33 axioms and was lacking proper use of linear algebraic symmetries,

ours has merely 8 axioms, two of which encode the two main symmetries of relational

linear algebra.

We'll begin the chapter by presenting the graphical language and explaining its syn-

tax and semantics. Then, we'll prove some results that will be necessary for our main

theorem: our axiomatization is equivalent to the one presented in the work Interacting

Hopf Algebras (ZANASI, 2015).

2.1 SYNTAX OF GLA

Our starting point is the simple grammar for the language of diagrams. It consists of

some base cases and some operations.

c, d ::= | | | | | | |

| | | | c ; d | c⊕ d (2.1)

The �rst line of (2.1) consists of eight constants that we refer to as generators. Although

they are given in diagrammatic form, for now we can consider them as mere symbols.

Already here we can see two fundamental symmetries that are present throughout this

work: for every generator there is a �mirror image� generator (inverted in the �y-axis�),

and for every generator there is a �colour inverse� generator (swapping black with white).
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: (1, 0) : (1, 2) : (2, 1) : (0, 1)

: (0, 1) : (2, 1) : (1, 2) : (1, 0)

: (0, 0) : (1, 1) : (2, 2)

c : (k1, k2) d : (k2, k3)

c ; d : (k1, k3)

c : (k1, l1) d : (k2, l2)

c⊕d : (k1+k2, l1+l2)

Fig. 2 � The sorting rules.

Thus, it su�ces to note that there are generators , and that the set of generators

is closed with respect to the two symmetries. We shall discuss the formal semantics of

the syntax in Section 2.2, but it is useful to already provide some intuition at this point.

It is helpful to think of , as gates that, respectively, discard and copy the value

on the left, and of , as zero and add gates. The mirror-image versions have the

same intuitions, but from right to left.

The second line of (2.1) contains some structural terms and two binary operations

for composing diagrams. The term is the empty diagram, is a wire and allows

swapping the order of two wires. The two binary operations ; and ⊕ allow us to construct

diagrams from smaller diagrams. Indeed, the diagrammatic convention is to draw c ; c′

(or c′ · c) as series composition, connecting the �dangling� wires on the right of c with

those on the left of c′, and to draw c⊕ c′ as c stacked on top of c′, (parallel composition),

that is:

c ; c′ is drawn c c0...
...

... and c⊕ c′ is drawn c

c0 ...

...
...

...

.

The simple sorting rules of Fig. 2 count the �dangling� wires and thus ensures that the

diagrammatic convention for ; makes sense. A sort is a pair of natural numbers (m, n):

m counts the dangling wires on the left and n those on the right. We consider only those

terms of (2.1) that have a sort. It is not di�cult to show that if a term has a sort, it is

unique.

Example 9. Consider the term
((

( ⊕ )⊕
)
;
(

⊕
))

; . It has

sort (3, 2) and the diagrammatic representation is

where the dashed-line boxes play the role of disambiguating associativity of operations.
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c1 c2 c3 = c1 c2 c3

c1 c2

c4c3

=
c1 c2

c4c3

c1

c2

c3

=

c1

c2

c3

c = c = c

c
= c =

c

c
= c =

Fig. 3 � Diagrammatic laws. Sort labels are omitted for readability.

We can also give recursive de�nitions. For example, the following generalization of

will be useful in subsequent sections. The idea is that the generators are being

generalized from their version with a single dangling wire, to multiple dangling wires,

which we are calling the n-wired version. Similar constructions can be given for the other

generators in (2.1).

De�nition 10 (n-wired Generators).

n =


n = 0

n− 1 n > 0
(2.2)

m

n =



n m = 0

m n = 0

m = 1, n = 1

n− 1

n− 1 m = 1, n > 1

n

n

n

m− 1

m− 1

m > 1, n > 0

(2.3)

n =


n = 0

n− 1
n− 1

n− 1

n > 0

(2.4)
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n =


n = 0

n− 1 n > 0
(2.5)

The next proposition follows via induction.

Proposition 11. The types de�ned in de�nition 10 are closed by the following operations.

=

m

n
m+ n (2.6)

n

nm

m

= m+ n

m+ n
k

k

k
k (2.7)

m

n

=
m+ n (2.8)

=
n+m

n

m

(2.9)

2.2 SEMANTICS OF GLA

We use GLA as a diagrammatic language for linear algebra. Di�erent from traditional

developments, the graphical syntax has a relational meaning. The central mathematical

concept is that of a linear relation (ARENS et al., 1961; LANE, 1961; CODDINGTON,

1973; CROSS, 1998). Linear relations are also sometimes called additive relations (LANE,

1961) in the literature.

De�nition 12. Fix a �eld k and k-vector spaces V , W . A linear relation from V to W is

a set R ⊆ V ×W that is a subspace of V ×W , considered as a k-vector space. Explicitly

this means that:

1. (0, 0) ∈ R.

2. If k ∈ k and (v, w) ∈ R, (kv, kw) ∈ R.

3. If (v, w), (v′, w′) ∈ R, (v + v′, w + w′) ∈ R.

Now, we give the interpretation of the string diagrams of our language GLA as linear

relations. Since they are de�ned as a free grammar, it is enough to de�ne the interpretation

for the generators. The rest follows via induction.

7−→
{(

x,

(
x

x

))
| x ∈ k

}
⊆ k× k2 7−→ {(x, ⋆) | x ∈ k} ⊆ k× k0
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7−→
{((

x

y

)
, x+ y

)
| x, y ∈ k

}
⊆ k2 × k 7−→ {(⋆, 0)} ⊆ k0 × k

The generators , , and map (respectively) to the opposite relations of

the above, as hinted by the symmetric diagrammatic notation.

Intuitively, the black structure in diagrams refers to copying and discarding �

is copy and is discard. The white structure refers to addition in k � is add and

is zero.

Example 13. Consider the term of Example 9, reproduced below without the unnecessary

dashed-line box annotations.

Its semantics is the (functional) relation



 x

y

z

 ,
(

z
x+z

) | x, y, z ∈ k

.

2.2.1 The 8 axioms of GLA

In this section, we identify the (in)equational theory of GLA. We will present all

8 necessary axioms. The last one, however, is about scalars, and it requires a proper

de�nition of them before we can precisely state it. It will be included in this subsection

for completeness, but the precise meaning of that axiom will be postponed to Section 2.3,

when we construct a graphical de�nition of numbers.

2.2.1.1 The commutative comonoid axiom

Axiom 1 (Commutative comonoid). The copy structure satis�es the equations of com-

mutative comonoids, that is, associativity, commutativity and unitality, as given below:

= = =

2.2.1.2 The 4 inequality axioms

Instead of a purely equational axiomatization, we �nd the use of inequalities very

convenient in proofs. The development of inequality axioms is one of our contributi-

ons (PAIXÃO; SOBOCI�SKI, 2020). We state four axioms below where R ranges over

arbitrary GLA string diagrams. Given that R can have arbitrary sort, the axioms make

use of De�nition 10.



23

Axiom 2 (Discard). ≤R
XYX

The axiom is sound with respect to the semantics. The left-hand-side denotes LHS =

{(x, ⋆) | ∃y. (x, y) ∈ R}, while the right hand side denotes the relationRHS = {(x, ⋆) | ⊤}.
Clearly LHS ⊆ RHS.

Axiom 3 (Copy). R
Y X

R

R

≤

Y

Y

X

The left-hand-side is the relation LHS = {(x,
(
y
y

)
) | (x, y) ∈ R}, while the right-hand-

side is RHS = {(x,
(
y
y′

)
| (x, y), (x, y′) ∈ R} and soundness is again easy.

Proposition 14. {(x,
(
y
y

)
) | (x, y) ∈ R} ⊆ {(x,

(
y
y′

)
| (x, y), (x, y′) ∈ R}

Proof.

{(x,
(
y
y

)
) | (x, y) ∈ R}

= { Substitution }

{(x,
(
y
y′

)
| (x, y), (x, y′) ∈ R, y = y′}

⊆ { Trivial }

{(x,
(
y
y′

)
| (x, y), (x, y′) ∈ R}

The diagrammatic notation for R allows us to represent the mirror image symmetry

intuitively. In the following diagram, the bottom right occurrence of R is the re�ected

diagram�which we write Ro in linear syntax.

Axiom 4 (Wrong Way). X
R

Y

≤ R
Y

R

X

For example, let R =
2 1 , then Axiom 4 says that

R
1

≤

R

R

2
=

1

2

2
=

R

=
Def. 10 Ax. 4

For another example, let R
1 0

= R
1

= , then Axiom 4 says that

=
Ax. 4R

0

≤ R
0

R

11
1

= R

R

1

1
=

Def. 10 1 11

1

The soundness of Axiom 4 is very similar to the soundness of Axiom 3.

Proposition 15. {(x,
(
y
x

)
) | (x, y) ∈ R} ⊆ {(x,

(
y
x′

)
| (x, y), (x′, y) ∈ R}
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Proof.

{(x,
(
y
x

)
) | (x, y) ∈ R}

= { Substitution }

{(x,
(
y
x′

)
| (x, y), (x′, y) ∈ R, y′ = x}

⊆ { Trivial }

{(x,
(
y
x′

)
| (x, y), (x′, y) ∈ R}

The relationship between Axioms 3 and 4 is worth explaining. In tandem, they capture

a topological intuition: a relation that is adjacent to a black node can �commute� with

the node, resulting in a potentially larger relation. In Axiom 3 the relation approaches

from the left. In Axiom 4 the relation comes from the �wrong side�, but it can still

commute with the node to obtain a larger relation, but one must take care of the lower

right wire that �curves around�. Lastly, there's one axiom that states there is only one

zero-dimensional space.

Axiom 5 (Singularity). ≤ ⇐⇒ k = 0
k k

Notice that the opposite inequality is always true, so this axiom actually states that

when k = 0 we have equality between discard and zero. In other words, the entire space

is the origin.

2.2.1.3 The 2 symmetry axioms

In Section 2.1, we saw that the generators of GLA are closed under two symmetries:

the �mirror-image� (−)o and the �colour-swap�. Henceforth we denote the colour swap

symmetry by (−)†. Clearly, for any R, we have Roo = R and R†† = R. We are now ready

to state two more axioms.

Axiom 6 (Converse). Ro ≤ S ⇐⇒ R ≤ So, or in diagrams:

≤ SR ⇐⇒ R ≤ S

In particular, the mirror-image symmetry is covariant : if R ≤ S then Ro ≤ So.

Soundness is immediate.

Axiom 7 (Colour inverse). R† ≤ S ⇐⇒ R ≥ S†, or in diagrams:

≤ S ⇐⇒ R ≥R S
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This is the most di�cult Axiom to understand. The statement might seem simple,

but it is saying something quite sophisticated. Color-swapping a diagram is swapping

the black and white structures. That means swapping a sum generator for a co-copy

generator, swapping a discard generator for a co-zero generator, and so on. This Axiom is

stating that this swapping operation almost preserves inequality. It says that the colour-

swap symmetry is contravariant : if R ≤ S then S† ≤ R†. The reader should pause at this

moment to think about it and make sure this Axiom is well understood. To help with

that, we will proceed carefully through the soundness proof (which will also include some

examples).

Here soundness is not as obvious: one way is to show that the inequalities of Axioms 2,

3 and 4 reverse when it is the white structure that is under consideration. For example,

�inverting the colors of Axiom 2":

Proposition 16 ("Axiom 3†"). R
YX

R

R

≤

Y

Y

X

Proof. Axiom 7 applied to Axiom 3.

Soundness can be shown:

Proposition 17. {(x1 + x2,
(
y1
y2

)
| (x1, y1), (x2, y2) ∈ R} ⊆ {(x,

(
y1
y2

)
) | (x, y1 + y2) ∈ R}

Proof.

{(x1 + x2,
(
y1
y2

)
| (x1, y1), (x2, y2) ∈ R}

⊆ { R is a linear relation (De�nition 12) }

{(x1 + x2,
(
y1
y2

)
| (x1 + x2, y1 + y2) ∈ R}

⊆ { x = x1 + x2 }

{(x,
(
y1
y2

)
) | (x, y1 + y2) ∈ R}

In this example, we're showing that the color-swap operation is in fact contravariant

in Axiom 3. Intuitively, the idea is the following: when you slide a single relation through

a copy, you get a bigger relation; when you slide a single relation through a sum, you get

a smaller relation. Another example is �inverting the colors of Axiom 2".

Proposition 18 ("Axiom 2†"). R≤

Proof. Axiom 7 applied to Axiom 2.

Soundness can be shown:

Proposition 19. {(∗, 0)} ⊆ {(∗, x) | (0, x) ∈ R}
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Proof.

{(∗, 0)}

⊆ { R is a linear relation (De�nition 12) }

{(∗, 0) | (0, 0) ∈ R}

⊆ { x = 0 }

{(∗, x) | (0, x) ∈ R}

In this case, intuitively speaking, we're saying that when you "produce"a relation from

a discard, the resulting relation is smaller, but when you "produce"a relation from a zero,

the resulting relation is bigger.

Proposition 20 ("Axiom 4†"). X
R

Y

≤R
Y

R

X

Proof. Axiom 7 applied to Axiom 4.

Soundness can be shown:

Proposition 21. {(x1,
(
y1−y2
x2

)
) | (x1, y1), (x2, y2) ∈ R} ⊆ {(x1,

(
y
x2

)
) | (x1 − x2, y) ∈ R}

Proof.

{(x1,
(
y1−y2
x2

)
) | (x1, y1), (x2, y2) ∈ R}

⊆ { R is a linear relation (De�nition 12) }

{(x1,
(
y1−y2
x2

)
) | (x1 − x2, y1 − y2) ∈ R}

⊆ { y = y1 − y2 }

{(x1,
(
y
x2

)
) | (x1 − x2, y) ∈ R}

This one is similar to Proposition 17. Again, we're proving that when a single relation

slides through a sum, the resulting relation is smaller, but when a single relation slides

through a copy, the resulting relation is bigger.

It is easy to see that the color-swap and converse operations commute.

Proposition 22. (Ro)† = (R†)o

By the above proposition, we can de�ne the transpose operation.

De�nition 23. Rt := (Ro)† = (R†)o.



27

= = =

Commutative Comonoid

R

R

R

≤

≤R

R
≤ R

R

≤ ⇐⇒ k = 0
k k

≤ SR ⇐⇒ R ≤ S≤ S ⇐⇒ R ≥R S

k ̸= ⇒ k k =

The Symmetry Axioms

The Inequality Axioms

The Scalar Axiom

Fig. 4 � All the axioms of GLA.

2.2.1.4 The scalar axiom

As we stated at the beginning of this subsection, the last axiom is about scalars. In this

work, the concept of scalars is not axiomatic but instead constructed inductively. This

will be done in the middle of Section 2.3, so until then, we cannot precisely state what

the scalar axiom means. However, the intuition may be clear for anyone with a basic

understanding of linear algebra. The axioms state that a particular class of diagrams,

called scalars, are invertible when they aren't zero.

Axiom 8. k ̸= =⇒ k k =

Having identi�ed all the axioms of this work's Graphical Linear Algebra, we can com-

pile all of them in Figure 4.

2.2.2 Prove one, get three theorems for free!

We will explore the symmetries of Axioms 5-6 throughout the work. When we prove

a result, we will usually assume we can use any of the other three theorems (its converse

theorem, its colour inverse theorem, and its transpose theorem) afterwards just by refe-

rencing the original result. For example when we use, in a proof, the colour inverse of

Axiom 3 (Proposition 16) we will simply denote Ax. 3. As an example, here are the four

versions of Axiom 2.
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R ≤ R ≤

R≤ R≤

Axiom 2 Axiom 2†

Axiom 2o Axiom 2o†

2.3 EQUIVALENCY TO INTERACTING HOPF ALGEBRA'S AXIOMS

Graphical Linear Algebra wasn't born with the set of axioms presented in this work.

It was originally formalized with a set of axioms represented in Fig. 6. It was independen-

tly developed by John C. Baez (BAEZ; ERBELE, 2015) and Fabio Zanasi in his thesis

known as Interacting Hopf Algebras (BONCHI; SOBOCI�SKI; ZANASI, 2017b; ZA-

NASI, 2015). One of the contributions of this work is establishing a new, more compact

set of axioms that retains the point-freeness, but also manages to expose the dualities and

symmetries of linear algebra in a more explicit, relational way. Our inspiration came from

the realization that some useful properties of the graphical language can be represented

in a high-level style. For instance, while Interacting Hopf Algebra's axioms are de�ned

using the set of generators (ZANASI, 2015), our approach uses their generalized n-wired

versions. That, alone, serves the purpose of shortening the amount of proofs required

to achieve meaningful linear algebra results. Also, we've noticed that the original set of

axioms could be considerably shortened by making use of relational inequality and the

color and mirror symmetries de�ned in Axioms 6 and 7. With these changes, we were

able to shrink the number of axioms from 33 to merely 8.

In Zanasi's thesis, a completeness result is proven, which states that his axiomatization

can derive any linear algebra result. For the rest of this section, we'll spend some time

proving that our axiomatization can simulate his, therefore, concluding that our axioms

are also strong enough to derive any linear algebra result. In this section we identify some

of the algebraic structure that is a consequence of the six axioms so far and �nish the

chapter by proving that our approach can simulate Zanasi's.

First, we need to prove that, given a diagram sorting (m, n), there is a largest element

(contains every other relation with the same number of dangling wires) and a smallest

element (is contained in every other relation with the same number of dangling wires),

which we are calling respectivelly top and bottom elements.

Proposition 24 (Top Element). ≤R

Proof. ≤ RR R≤ ≤
Ax. 1 Ax. 4 Ax. 2

In the second step, we are using the second example described right after Axiom 4.

Dually, from Axiom 7 we obtain that is the bottom element.



29

Now, we'll prove a proposition regarding the way the white and black structures in-

teract. The following proof was inspired by (BAEZ, 2010), which is one of the main

inspirations for this chapter.

Proposition 25 (Bialgebra).

= =

= =

Proof. Let R= and S= . We have

≤

≤

Ax. 3
≤

S
22

S

S

≤
Def. 10

S

S

≤

≤

R

R

≤
Def. 10

R2

R

≤
Ax. 3

R
2

We use Axiom 3 in the �rst inequality and its color inverse in the second inequality.

Note that while using Axiom 3 in the proof, we must use De�nition 10. The other

derivations are similar.

After seeing how the black structure interacts with the white structure, we'll now see

how the white structure (or the black structure) interacts with itself.

Proposition 26 (Frobenius). The following equations hold.

(1)
=

(3)
=

(2)
=

(4)
=

Proof. Let R= . Then, we have the proof of Equation (1):

≤
Ax. 1

≤
Ax. 4

≤
R

R
R

≤ R
Ax. 1

≤
Ax. 3

≤
Pro. 24

≤
Ax. 1

≤

≤
R

R

≤
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In the second step of the above proof, we are using the �rst example described right

after Axiom 4.

Proof of Equation (2):

≤
Ax. 1

≤
Ax. 1

≤
Ax. 4

≤
Pro. 24

≤
Ax. 1

≤

R

R

R ≤ ≤
Ax. 1

Equations (3) can be proven similarly.

Finally, proof of equation (4). This one may seem counterintuitive since we're using

Axiom 2 on a diagram with zero wires on one of the sides.

≤ ≤
Ax. 2 Ax. 2

Notice that there is no indication of the number of wires in this proof. Since our

axioms assume diagrams with any number of wires, most of the time it is unnecessary to

specify it. So from now on we'll omit the number of wires most of the time.

With the previous proposition, we can show now that the set of (m, n) string dia-

grams has also a meet and join operation, which is essentially an analogous notion to the

intersection and union of sets.

Proposition 27 (Universal property of intersection).

R

S

X ≤⇐⇒
X ≤ R

X ≤ S

Proof. ⇒
R

S

≤
X

X

XX ≤ ≤
Pro. 26 Ax. 3 Hyp

⇐
R

S

R
≤ ≤ R

Pro. 24 Ax. 1
X ≤

Hyp

The other inequality follows similarly.

By duality of Axiom 7, we obtain the join. In the semantics, meet is intersection R∩S,
while join is the smallest subspace containing R and S: i.e. the subspace closure of the

union R ∪ S, usually denoted R + S.
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2.3.1 The Antipode: how to write negative numbers

One of the most surprising facts about this presentation of linear algebra is the plethora

of concepts derivable from the basic components of copying and adding (black and white)

structures. This includes the notion of antipode a, i.e. −1. Informally if the left wire

of the antipode carries a value, then the right wire carries its opposite. The following

propositions and de�nitions were inspired by (ERBELE, ).

De�nition 28 (Antipode). a :=
1

The semantics of this diagram is quite interesting. Informally speaking, since there is

a zero attached to the right of the sum, the two inputs must be additive inverses of each

other. The copy is merely picking that additive inverse and spitting it as the output.

a = ;

(x,−x) =

x,

x

y

y


 ;


 x

−x
y

 , y


Before proving properties of the antipode, we prove a useful proposition.

Proposition 29. =

Proof. ≤ ≤
Ax. 4 Pro. 24

In the �rst step, we are using essentially the same idea from the second example of

Axiom 4.

Proposition 30. (Hopf)
a

=

Proof. = =
SSM

=
Pro. 25

=
Pro. 29

a

=
Pro. 25

Def. 28

=
Pro. 29

Proposition 31. =a a = a = a (a = ao = a† = at)

Proof. =
SSM

=
SSM

=
Ax. 1

In the last step we are using the commutative property twice. All other equations are

proven similarly.
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Proposition 32. =

a

Proof.
a

=
Def. 28

=
Pro. 26

=
Ax. 1

Proposition 33. a a= = and a a= =

Proof. a =
Def. 28

=
Ax. 1

=
Pro. 29

=
Pro. 25

By Proposition 31 the other three symmetric properties have symmetrical proofs.

Proposition 34. a a =

Proof. a a = a a
Pro. 31

=
Def. 28

=
Pro. 26

=
Ax. 1

=
Pro. 26

=
Ax. 1

2.3.2 Building the scalars, inductively

Linear algebra is often understood as parametric over a �xed �eld k, say the real

numbers or complex numbers. Given that string diagrams are �nite, we have no hope of

expressing arbitrary real numbers for cardinality reasons. In fact, there is a principled way

of introducing the elements of any �eld into the diagrammatic language. In summary, an

additional generator k
11 is added for each k ∈ k, and the axioms in Figure 3, recalled

from (BONCHI; SOBOCI�SKI; ZANASI, 2017b), ensure that the �eld operations are

compatible with the diagrammatic algebra.

To develop the diagrammatic theory of rational numbers, we �rst focus on the natural

numbers as particular GLA diagrams of sort (1, 1).

A natural number m in GLA is a (1, 1) diagram which, roughly speaking, begins with

iterated on the left, and ends with iterated on the right. The idea is that m

corresponds to a diagram with m paths from the left boundary to the right: 1 is identi�ed

with the identity, 2 with ; and so on.

We �rst de�ne recursively-de�ned types of iterated and .

De�nition 35.

n 1 =


1 n = 0

1
n− 1

1 n > 0
(2.10)

Diagrams that correspond to natural numbers can now be de�ned as follows.
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=
k

k
k

k

k
k =

A13

A15

1 =
A11

0 =
A17

k1 k2 = k1 · k2

k1 + k2
k1

k2
=

A12

A18

k k = k k=
I1 I2

k ̸= ⇒

k =

k =

A14

A16

Fig. 5 � Parametrising over a �eld k.

De�nition 36. k
1 1 1 1

= k

Using this, one can easily construct a new de�nition for the whole type of integers by

using the antipode.

−k = a k (2.11)

To elaborate on the properties of diagrammatic integers, we need to introduce some

concepts. The next proposition states that a class of diagrams called Maps (De�nition

61) enjoys a distributivity property with respect to adding and copying.

Proposition 37. If R is a Map, the following equations hold:

R

R
R =

=
R

R
R

R =

R =

The following propositions can be easily proved by induction.

Proposition 38. n 1 is a Map.

Proposition 39. k
11 is a Map.

With this in place we can now make use of Proposition 37 in proofs concerning natural

numbers. The fact that numbers are maps makes them particularly easy to handle, since

we can just �slide� them through and .

Proposition 40.
k

−k
1 1

=
1 1
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Proof.
k

−k
1 1

=
k

k

1 1

a
= k

1 1

a
= k

1 1
=

1 1(2.11) Pro. 39 Pro. 30 Pro. 39

The type k
11 is closed by addition and multiplication, which have a natural inter-

pretation in the graphical language.

Proposition 41 (n 1 closed by Sum). 1
n1

n2
=

1n1 + n2

Proof. First, we do the base case where n2 = 0.

1
n1

0
1

n1

=
Def. 35 1n1

=
Ax. 1

Now we do the inductive step, taking n2 > 0.

1
n1

n2

1

n1

=
Def. 35

=
Ax. 1

n2 − 1

1

n1

n2 − 1

1

1

=
Ind.

n1 + n2 − 1
1

1 =
Def. 35 n1 + n2 1

Proposition 42 ( k
11 closed by addition). k1 + k2

1 1k1

k2

1 1
=

Proof. 1 1

k1

k2 =
Pro. 41 1 1k1 + k2

k1 + k2
1 1k1

k2

1 1
=

Def. 36
=

Def. 36

Proposition 43 ( k
11 closed by composition). k1 k2 = k1 · k2

1 1 1 1

Proof. This time, we are doing induction on k1. So, �rst, in the base case, we take k1 = 0.

0 k2 =
1 1

k2
1 10Def. 36

= k2
1 1Def. 35

=
1Pro. 39 1

= 0
1Def. 36 11 0

=
Def. 35 1

In the inductive step, we take k1 > 0.

k1 k2
1 1

=
Def. 36

k2
1 1k1 =

Def. 35
k2

1 1

k1 − 1

=
k2

1

k1 − 1

k2

1Pro. 37 k1 − 1
=

k2
1

k2

1Def. 36

=
(k1 − 1) · k2

1

k2

1Ind.
=

Pro. 42
k1 · k2

1 1

Pro. 39

By using Propositions 30 and 34, we could also show that integers (as in equation

(2.11)) are also closed by addition and composition.

The complete set of equations is known as the theory of Interacting Hopf Alge-

bras (BONCHI; SOBOCI�SKI; ZANASI, 2017b). In fact, given the previous results

of this paper, we have the main result of this section. The following Theorem establishes

that our axiomatization can simulate the Interacting Hopf Algebra's axiomatization.
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Theorem 44. Axioms 1-8 su�ce to derive all of the algebraic structure of Interacting

Hopf (IH) algebras(BONCHI; SOBOCI�SKI; ZANASI, 2017b; ZANASI, 2015), reprodu-

ced here in Figure 6. In fact, they are also sound in that theory.

Proof. � (Black Monoid) Axiom 1 =⇒ A4, A5, and A6

� (White Monoid) Axiom 1 and Axiom 7 =⇒ A1, A2, and A3

� (Bialgebra) Proposition 25 =⇒ A7, A8, A9, and A10.

� (Numbers) De�nition 36 =⇒ A11 and A17.

� (Numbers closed by composition) Proposition 43 =⇒ A12.

� (Numbers are Maps) Proposition 37 and Proposition 39 =⇒ A13, A14, A15 and

A16.

� (Numbers closed by addition) Proposition 42 =⇒ A18.

� (Invertible numbers) Axiom 8 =⇒ I1.

� (Invertible numbers) Axiom 8t =⇒ I2.

� (Black Frobenius) Proposition 26 =⇒ I4, I7 and I9.

� (White Frobenius) Proposition 26 and Axiom 7 =⇒ I3, I6 and I8.

� (Antipode properties) Proposition 32 =⇒ I5

All the converse axioms are proven by simply applying Axiom 6 to their normal ver-

sions.

The above result proves our initial goal in this chapter. We've successfully demonstra-

ted that our axiomatization can simulate the Interacting Hopf Algebras' axiomatization.

It was proven in the original work that the latter is strong enough to derive any linear

algebra result (BONCHI; SOBOCI�SKI; ZANASI, 2017b, Theorem 6.4). This then im-

plies that our axiomatization is also strong enough. This is a key result in the research,

since now we know that these 8 axioms, despite being compact and symmetric, are not

lacking in power in comparison to previous axiomatizations.

As a sidenote, it is possible to simulate the inequality axioms in the purely equational

theory of Interating Hopf Algebras. The statement R ⊆ S can be stated as

R

S

R = ,
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which intuitively states that R = R ∩ S. It is also possible to simulate the inequality

using the white structure (sum), instead of the black structure (copy). That choice is one

way to create the asymmetry present in the inequality axioms.

Now, we managed to guarantee that any linear algebra proof can be achieved with this

approach. However, we still don't know how to produce these proofs. We still need to lay

down a good foundation in which these proofs can be developed. In particular, we still

need a way of constructing matrices, and if possible, inductively. Informally speaking,

matrices provide a nice inductive structure in which proofs can be built. We'll also see

in later chapters that any linear transformation can be represented by matrices and co-

matrices (which are matrices "reversed"by the † operator). So, in the next chapter, we'll

carefully construct inside the graphical language an inductive de�nition of matrices and

prove some useful properties about them.
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3 MATRICES IN GLA

In this chapter, we continue the recursive/inductive style of de�nitions and proofs to

study the type of matrices in GLA. One of our contributions is providing a completely

diagrammatical de�nition of matrices, together with a matrix multiplication algorithm. A

matrix, diagrammatically, is intuitively a �generalised� scalar of Section 2.3.2: like scalars,

these are diagrams built up of black structure followed by white structure. However, we

do not consider merely (1, 1) diagrams and allow an arbitrary number of wires.

De�nition 45 (Mat).

A
m n =



n m = 0

m n = 0

k
1 1 m = 1, n = 1

Ar1

Ar2

1

n− 1
1 m = 1, n > 1

Ac1

Ac2

n
1

m− 1 m > 1, n > 0

(3.1)

The de�nition above is inspired by the recursive de�nition of �classical� matrices:

De�nition 46 (Recursive De�nition of Classical Matrices).

A(n,m) =



k ∈ k m = 1, n = 1 Ar1(1, 1)

Ar2(n− 1, 1)

 m = 1, n > 1[
Ac1(n, 1) Ac2(n,m− 1)

]
m > 1, n > 0

This de�nition is similar to de�ning a matrix as a list of column vectors. A 1 × 1

matrix is a scalar, a m × 1 matrix is a m − 1 × 1 matrix with a scalar appended at the

top, and a m×n matrix is a m×n− 1 matrix with a m× 1 matrix appended at the left.

Analogously, we can also represent a matrix as a list of row vectors.

De�nition 47 (Matt).

At
m n =



n m = 0

m n = 0

k
1 1 m = 1, n = 1

1
At

c1

At
c2

1

m− 1
m > 1, n = 1

At
r1

At
r2

n− 1

m
1

m > 0, n > 1

(3.2)
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Soon, we will prove that De�nition 45 and De�nition 47 are equivalent, in the sense

that every matrix A constructed column by column (a diagram of type Mat) can be

written as a matrix At constructed row by row (a diagram of type Matt).

The reader might get confused by the notation At for row matrices. This is not

the transposed operation. Instead, it hints at the way the matrix was constructed. On

De�nition 45, matrices were constructed column by column, inductively. However, in

Proposition 47, matrices are constructed row by row, inductively.

As in the case of scalars (Proposition 39), the next propositions follow via straight-

forward induction arguments.

Proposition 48. Mat is a Map.

Proposition 49. Matt is a Map.

Again, similar to natural numbers, with these propositions we can use Proposition 37

for regular and transposed matrices.

3.1 MATRIX MULTIPLICATION

Our goal is to give an inductive proof that the type Mat is closed by the algebraic

operations of sum and multiplication, which correspond to the usual operations on ma-

trices. We start by showing that Mat (a matrix as a list of column vectors) is closed by

composition with Matt (a matrix as a list of row vectors).

Proposition 50 (Mat ; Matt = Mat). A Bt
m n

= C
m nk

Proof. Here, since there are multiple parameters, we will need to do more than one in-

duction. First, we will consider the trivial cases where m = 0 and n = 0, respectively.

The proof for m = 0 is the following:

A Bt
0 n

=
Def. 45

Bt
n

=
Pro. 37 n

C
0

=
Def. 45 nk k

The case where n = 0 is completely symmetric, so there is no need to draw its proof.

Now we shall prove the case where k = 0. In this one, we will require an induction on

m and n. First, we do the base case where m = n = 1 and k = 0.

A Bt
1 10

=

Def. 45

1 1
=

Def. 36
0

1 1
=

Def. 45
C

1 1
=

Def. 35 1 10Pro. 47

Now we do the induction on n:

A Bt
1 n0

=

Def. 45

1 n
=

Def. 10 1
n− 1

1
=
Ind.

1

C2
1 n− 1

=
Ax. 1

1

C2

1
n− 1 =

Def. 35

=
Def. 45

C
1 n

1

=
Def. 45

1

C2

1
n− 1

C1

=
Def. 36

1

C2

1
n− 1

0
1

C2

1
n− 1

0

Pro. 47
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Matrix multiplication algorithm

1: procedure Mult( B(n, k), A(k,m))
2:

3: if m > 1 then ▷ Split A �vertically"
4:

[
A1 A2

]
← A

5: C ←
[
Mult(B,A1) Mult(B,A2)

]
6: else if n > 1 then ▷ Split B �horizontally"

7:

[
B1

B2

]
← B

8: C ←
[
Mult(B1, A)
Mult(B2, A)

]
9: else if k > 1 then ▷ Split A �horizontally� and B �vertically"

10:

[
B1 B2

]
← B

11:

[
A1

A2

]
← A

12: C ←Mult(B1, A1) +Mult(B2, A2)
13: else ▷ "Regular� multiplication of numbers(m = 1, k = 1, n = 1)
14: C ← B · A
15: return C

The induction on m is symmetric. After considering all the cases where a parameter

equals 0, we will do one more base case where m = n = k = 1 and then do an induction

on each one of the parameters. So, �rst, the base case:

A Bt
1 11

=

Def. 45

k1 k2
1 11

=
Pro. 43

k1 · k2
1 1

=
Def. 45

C
1 1Pro. 47

Now, we do the induction on k.

A Bt
1 1k =

Def. 45

1
Bt

c1Ar1

Ar2 Bt
c2

1

1

k − 1
=
Ind. 1C1

C2

1

=
Pro. 42

k1 + k2
m n

=
Def. 45 1k1

k2

1
=

Def. 45
C

m n

Pro. 47

Now, the induction on n.

A Bt
1 nk =

Def. 45
Bt

r1

Bt
r2

A
1 k

1

n− 1
=

Pro. 37 Bt
r1

Bt
r2

1

1

n− 1

A

A

k

k

=
Ind. 1

1

n− 1

C1

C2

=
Def. 45

C
1 n

Pro. 47

Lastly, the induction on m is symmetric to the previous one. And this completes the

proof.

This proof actually mimics a classical recursive Matrix Multiplication Algorithm (shown

in Algorithm 1). This can be seen as a demonstration that working with the diagrammatic

language can yield compositional algorithms for linear algebra.
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Proposition 51 (Matt closed by sum).
At

Bt

n

m1

m2
= Ct

nm1 +m2

In the classical language, this operation can be viewed as stacking the two matrices

side by side:

[
At Bt

]
= Ct (3.3)

Proof. Here, we do induction on m1 and n, while leaving m2 free. First, we do the trivial

cases where m = 0 and n = 0, respectively.

At

Bt

n
0

m2

Pro. 47

Bt

n
m2

Ax. 1
Bt

nm2
= =

Now, the case where n = 0.

At

Bt

0
m1

m2

Pro. 47
=

m1

m2

Pro. 11
=

m1 +m2 Pro. 47
= Ct

m1 +m2 0

After doing the trivial cases, we prove the base case for the induction. Speci�cally,

the case where m1 = n = 1.

At

Bt

1

1

m2

Pro. 47
= Ct

1m2 + 1

Now we do the induction on m1.

At

Bt

1

m1

m2

Pro. 47
=

At
c1

1

At
c2

m1 − 1

m2

1

Bt

Ax. 1
=

At
c1

1

At
c2

m1 − 1

m2

1

Bt

At
c1

1

m2 +m1 − 1
Ct
1

Ind.
= 1 Pro. 47

= Ct
1m2 +m1

Finally, the induction on n.

At

Bt

n

m1

m2

Pro. 47
=

At
r1

Bt
r1

Bt
r2

At
r2

1

n− 1

m1

m2

SSM
=

1

n− 1

m1

m2

At
r1

Bt
r1

Bt
r2

At
r2

Ind.
=

1

n− 1

m1

m2

Ct
1

Ct
2

Pro. 11
=

1

n− 1
m2 +m1

Ct
1

Ct
2

Pro. 47
= Ct

1m2 +m1

Notice that, by proving that the type Matt is closed by sum we also get for free its

transposed version, namely that the type Mat is closed by copy.
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A

B

m
n1

n2
= C

n1 + n2m
(3.4)

As one would expect, in the classical language it is written as:[
A

B

]
= C (3.5)

[] We will be referencing Proposition 51 for both results (sum and copy). The same will

hold true for any Proposition that has a relevant transposed version.

Proposition 52 (Mat = Matt). A
nm

= Bt
nm

Proof. First, as always, we do the cases where m = 0 and n = 0, respectively.

A
n0

=
nDef. 45

=
Pro 47

Bt
n0

Now, the case where n = 0.

A
0m

=
mDef. 45

=
Pro 47

Bt
0m

Now, the base case for the induction, where n = m = 1.

A
11

=
Def. 45

k
11

=
Pro 47

Bt
11

Induction on n.

A
n1

=
Def. 45 1

Ar1

Ar2

1

n− 1
=Ind.

1
Bt

1

Bt
2

1

n− 1
=

Pro 47
Bt

n1

Lastly, induction on m.

A
nm

=
Def. 45 Ac1

Ac2

=Ind. =
Pro. 51

Bt
n1n

1

m− 1

Bt
1

Bt
1

n
1

m− 1

Corollary 53 (Mat is closed by composition). A B = C
m k n m n

Proof. A B = C
m k n m n

A Bt
1

m k nPro. 52= Pro. 50

One can view this proof as an algorithm for matrix multiplication, where A and B are

the inputs and C is the output. The following image is an example of this operation.

; =

1

1

1

1

1

1

1

1

1

1

1

1

The equivalent way of writing it in the classical language is:[
1 1

0 1

]
·

[
0 0

2 1

]
=

[
2 1

2 1

]
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Notice the relation between the operations ; and ·. Classically, matrices are composed

from right to left, but in the graphical language, this is done in the opposite direction.

So the �rst equation is written as A;B = C, but the second is B · A = C.

After seeing the example above, one may notice that there is a nice way of comparing

classical matrices to their graphical counterparts. The quantity Aij can be determined

simply by counting the number of paths from the j-th input wire to the i-th output wire.

Similarly, a scalar k in the graphical language is a diagram with 1 input wire and 1 output

wire, where the number of paths from left to right is exactly k.

Proposition 54 (Mat closed by parallel composition).
A

n1m1

B
n2m2

= C
n2 + n1m2 +m1

Parallel composition is the same as direct sum in the classical language. The equivalent

statement would be: [
An1×m1 0

0 Bn2×m2

]
= Cn1+n2×m1+m2 (3.6)

Proof. Here, we will do induction on the parameters m1 and n1. First, starting with the

cases where m1 = 0 or n1 = 0, respectively.

A
n10

B
n2m2

=
Def. 45

n1

B
n2m2

=
Ax. 1

n1

B
n2

m2

=
Cor. 53 C3

n1

B
n2

m2
=

Pro. 51
C

n2 + n1m2

=
Def. 45 C2

n1

B
n2

m2
C1

0

The case where n1 = 0 is symmetric. Now, the base case for the induction, where

m1 = n1 = 1.

A
11

B
n2m2

=
Ax. 1

A

B

1

n2

1

m2

=
Pro. 50

A

B

1

n2

1

m2 Bt
1

A1

=
Pro. 52

A

Bt
2

1

n2

1

m2 Bt
1

A1

=

Def. 45
C1

Ct
2

1

n2

1

m2

=
Pro. 52 C1

C3

1

n2

1

m2

=
Def. 10 C1

C3

n2 + 1
1

m2
=

Def. 45
C

n2 + 1m2 + 1

Pro. 47

Now, induction on n1.
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A
n11

B
n2m2

=
Def. 45

B
n2m2

Ar1

Ar2

1

1

n1 − 1
=
Ind.

n1 + n2 − 1m2

Ar11
1

C2

=
Ax. 1

n1 + n2 − 1

Ar11 1

C2

m2 =
Pro. 50

n1 + n2 − 1

Ar1
1 1

C2

m2
A1 =

Def. 45

n1 + n2 − 1

C11
1

C2

m2

=
Def. 10

n1 + n2 − 1

C1
1

C2

m2 + 1
=

Pro. 51 n1 + n2
C

m2 + 1

Lastly, induction on m1 is symmetric. This completes the proof.

Notice that, in the last step, we use Pro. 51 to reference its transposed version shown

in (3.4).

3.1.1 Diagrams from �left to right� are matrices

We can now showcase the power of the toolbox of results we have developed. Consider

the following grammar, which intuitively uses those elements of (2.1) where the causal

�ow is left-to-right, i.e. the inputs are on the left and the outputs are on the right.

De�nition 55 (HA).

c, d ::= | | | | | | | c ; d | c ⊕ d (3.7)

The toolbox of results proved above can now be used to give a purely �syntactic� proof

of a known result, namely that every element of HA is equal to a matrix.

In order to avoid confusion, we will use the symbol A to denote a diagram A of

type HA. One can use structural induction to prove the following.

Theorem 56 (HA = Mat). A
m n

= B
m n

Proof. The base cases will be on the generators. We will be showing only one case, since

the other ones are quite easy to do.

=
Ax. 1

=
Def. 45

A1

B2

B1

A2

=
Pro. 54

A

B

=
Def. 10 A

B

2 =
Pro. 51

C
2 2

0

0

Now, in the inductive step, �rst we consider the composition case.

A1
m n

A2 = B1
m n

B2

Ind.
=

Cor. 53
B

m n

Finally, the parallel composition case.
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A1

m1

n2
A2

m2

n1

=
Ind. B1

m1

n2
B2

m2

n1

=
Pro. 54

B
n2 + n1m2 +m1
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4 APPLICATIONS OF GLA

This is the most exciting part of the work. In this chapter, we showcase our third

contribution. Here, we'll use our axioms to develop a series of proofs and useful characte-

rizations. We �rst provide a characterization of the notions of injectiveness, surjectiveness

and two other related properties. After that, we provide a characterization of solvable

linear systems. These two results will turn out to be generalizations of some fundamental

facts such as the Invertible Matrix Theorem. Then, we will present a relational decompo-

sition, which will aid us in Section 4.4, where we will prove various linear algebra results

calculationally, including the Exchange Lemma. One will also be able to see that, despite

some of these theorems having classically extensive and wordy proofs, the arguments pro-

vided in this chapter are short and formal. In fact, most of the proofs will have no more

than 2 lines.

4.1 INJECTIVENESS, SURJECTIVENESS, KERNEL AND IMAGE IN GLA

Given a diagram R, we �rst de�ne some derived diagrams from R directly in GLA.

Some of these de�nitions already have names inside the classical, functional linear algebra.

Most of the results on this section are from (BONCHI; PAVLOVIC; SOBOCI�SKI, 2017).

De�nition 57 (Derived diagrams).

1. the nullspace of R: N(R) := R ,

2. the multivalued part of R: Mul(R) := R ,

3. the image of R: Ran(R) := R ,

4. and the domain of R: Dom(R) := R .

De�nition 58 (Dictionary). Let R be a diagram. We call R

injective (INJ) if R ≤ ; total (TOT) if R≤ ;

single-valued (SV) if R ≤ ; surjective (SUR) if R≤ .

Notice that injectiveness, surjectiveness and the two new properties, total and single-

valued, are expressed as almost identical inequalities (which check if the relation is

�consumed� by a zero or a discard). Moreover, since the converses of these inequalities

hold (are axioms) in GLA, the four inequalities are actually equalities. With the de�nition

above we clearly obtain some nice symmetries.

Proposition 59 (Dictionary symmetry). R is total ⇐⇒ Ro is surjective ⇐⇒ R† is

injective ⇐⇒ (R†)o is single-valued.
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Proposition 60. TOT, SV, INJ, SUR are properties closed by series and parallel com-

position (i.e., if A and B are TOT, then A;B is TOT and A⊕B is TOT).

The latter can be easily checked by structural induction. With the four properties in

De�nition 58, we're �nally able to give de�nitions of maps and invertible maps.

De�nition 61. A diagram is a Map if it is TOT and SV. Also, a diagram is a Co-map

if it is INJ and SUR. A diagram is invertible if it is a Map and a Co-map (See Figure

7).

Thanks to the relational symmetry, we also obtain the notion of a co-map, which,

roughly speaking, is a map �going from right to left� as opposed to going from left to

right. By the de�nition above and by Proposition 33, we have that the antipode is

an invertible map. De�nition 58 yields a nice hierarchical structure that relates maps,

relations and co-maps (Fig. 7). Notice, however, the distinction between a map and a

matrix. In the same sense that linear transformations di�er from matrices in the classical

sense, this de�nition of map is not the same as the de�nition of a matrix given in the

previous chapter. On the other hand, they are equivalent, in the sense that every map is

equal to some matrix and vice-versa, but this is a proposition that shall be proven later

in this chapter.

Invertible

INJ Map SUR Map TOT Co-map SV Co-map

Map SV, SUR TOT, SUR SV, INJ INJ, TOT Co-map

SV TOT SUR INJ

Relation

Fig. 7 � Special Relations

The next proposition shows that the notions in De�nition 58 that were described

through the converse inequalities of Axiom 2, can also be characterized by universal

properties (item 1 from Proposition 62), the converse inequalities of Axioms 3 (item 3

from Proposition 62) and 4 (item 4 from Proposition 62), or by comparing the relation

composed with its converse and the identity (item 5 from Proposition 62).

Proposition 62 (Total). All the following statements are equivalent.

1. ⇒X R Y≤ X ≤ Y R

2. ≤ R
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3. R

R

R

≤

4.
R

≤ R

R

5. ≤ RR

Proof. (1⇒ 2)

We can instantiate the hypothesis by taking X = Y = , obtaining following

implication:

RR ≤ ⇒ ≤
Hyp

The �rst term is Axiom 2, and the second term is what we were trying to prove.

(2⇒ 3) R =
Ax. 1

R ≤
Hyp.

R

R

≤
Ax. 4

R

R
R

R

R

≤
Ax. 4

=
Ax. 1 R

R

(3⇒ 4)

R
=

Ax. 1 R
=

Pro. 26

R ≤
Hyp. R

R
≤

Ax. 2

R

R
R

≤
Ax. 4

R

R

=
Pro. 26 R

R
=

Ax. 1

R
R

(4⇒ 5) =
Ax. 1

≤
Ax. 2 R

≤
Hyp.

R
R =

Ax. 1
RR

(5⇒ 1) X ≤ X R R

Hyp

≤
Hyp

Y R

With the symmetries described in Proposition 59, we can obtain the same charac-

terizations for injective, single-valued and surjective. This yields a dictionary shown in

Figure 8. One can see that some theorems about linear transformations are already being

captured in these equivalencies. For instance, if we combine all four columns of the table

we get a characterization for invertible maps.

Corollary 63. The following are equivalent.

1. R is invertible (TOT, SV, INJ, SUR)
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≤
R

R
R

R R ≤

R ≤ R≤

R R≤

R

R
R ≤

Single Valued Total

≤
R

R
R

R R≤

R≤

Surjective

R ≤

R R ≤

R

R
R≤

Injective

≤
R

R
R

≤
R

R
RR

≤
R

R
R

≤
R

R

X R ≤ Y
⇒

Y R≤X

X R≤Y
⇒

Y R ≤ X

X R ≤ Y
⇒

Y R≤X

X R≤Y
⇒

Y R ≤ X

Fig. 8 � The Dictionary

2. R R R R==

3. X R Y= ⇐⇒ Y RX =

4. R R R=R = = =and

The other two were omitted since these 4 are the most interesting ones. The second

one states the existence of an inverse, and the third one provides a universal property

that characterizes invertible matrices. It's interesting to see that these results all come

from the same general characterization.

One immediate result of Fig. 8 is that map inequality is equality, in other words, if

two maps are related, they must be equal.

Proposition 64.
A ≤ B

⇒ A ≥ B
A and B are maps

and .

Proof. B ≤ B

Fig. 8

A A ≤
Hyp.

B B A ≤ A

Fig. 8

4.2 LINEAR SYSTEMS IN GLA

The act of solving linear systems is a fundamental part of linear algebra. In the classical

syntax, the compact point-free notation Ax = b is preferable instead of the extensive

listing of equalities shown in (1.1). In the graphical language, this representation can be

written as the following.

x A = b (4.1)

This way of representing linear systems is point-dependent, in the sense that the solution

x needs to be explicitly written in the expression. This is not ideal, since x is not providing
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any new information to the reader, it is simply there to make the number of wires on both

sides of the equation equal. It would be nice to have a way of expressing a linear system

without the need for that variable x. And, in fact, there is. In GLA, the existence of a

solution of the system Ax = b is equivalent to saying that b;Aop is a total relation. Before

proving that, however, we'll need the following constructive result, which will be proven

in the next section.

Proposition 65. B A is TOT ⇐⇒ ∃S B AS ≤

The need for this proposition, in a sense, is intuitive. If we want to establish a

connection between the relation B;Aop and the existence of a solution S to the system,

we need a way of constructing that solution. Assuming this result, one is able to describe

�solvability� inside GLA merely by stating that B;Aop is a total relation.

As a sidenote, the (⇒) direction of this Proposition can be seen as a weakened version

of the axiom of choice (since we're only dealing with linear relations). A total relation has

at least one element (x, y) for every x. However, there may be multiple elements. The

way to construct a map S using R is, essentially, by "choosing" a single element (x, y) for

each input x.

Proposition 66 (Choice). R is TOT ⇒ ∃S
S R≤

is a map

and

S

After Proposition 65, we're ready to prove a complete characterization.

Lemma 67. The following are equivalent.

1. B A is TOT ,

2. B A∃S S ≤ ,

3. S A∃S = B ,

4. AB ≤ .

Proof.

(1⇒ 2) Proposition 65,

(2⇒ 3) S A ≤ B A A ≤ S A = BB ⇒
Hyp. Fig. 8 Prop. 64

,

(3⇒ 4) B ≤ S B

Fig. 8

S S A≤ ≤ A

Hyp. Fig. 8

,

(4⇒ 1) B A ≤ B B

Hyp.

≤
Fig. 8

.
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Also, in the case where the relation is injective (or single-valued, by symmetry), there

is an additional property in the characterization.

Lemma 68. B A ⇐⇒ B is INJis INJ .

Proof.

(⇒) B B A≤ ≤
Fig. 8 Hyp.

,

(⇐) BB A ≤ ≤
Fig. 8 Hyp.

.

All of these equivalencies yield a new dictionary, shown in Fig. 9, which we're calling

�linear system dictionary". Di�erent from Fig. 8, this one considers relations in the form

B;Aop, where A and B are matrices. Notice that TOT and SUR don't share the same

equivalencies with SV and INJ. That happens because the symmetry of inverting the

colors moves us from B;Aop form to Bop;A form. In fact, there is a dictionary analogous

to this one where the relation is in the latter form. However, since the equivalencies are

analogous, we will not talk about this one.

One interesting thing about the dictionary shown in Fig. 9 is that it generalizes various

useful results in linear algebra. First of all, take an invertible matrix X, that is, SUR,

TOT, INJ, SV. if we let A = I, B = X we get parts of the Invertible Matrix Theorem.

Corollary 69 (Invertible Matrix Theorem). The following are equivalent.

1. X is invertible (TOT, SV, INJ, SUR) ,

2. S∃S X= ,

3. S X∃S = = X S

It is possible to get similar equivalencies by assuming X is only injective or only

surjective. One can also instantiate A = X and B = X. Each instance leads to a

di�erent identity. This is a good example of the expressiveness of these results. The

dictionary in Fig. 9, together with Fig. 8, do not seem to be merely nice little side facts,

but rather fundamental characterizations of linear algebra.

4.3 GENERALIZED RANK-REVEALING DECOMPOSITION

In linear algebra, the induction inside the proofs is usually encapsulated in the gaussian

elimination. As pointed out by Georges Gonthier (GONTHIER, 2011), �All of the usual

results on linear spaces and bases easily follow from these de�nitions, (...) all with proofs

under twelve lines (most are under two) and no induction. The reason for this is that all

the induction we need is neatly encapsulated inside the Gaussian elimination procedure".
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B A is TOT

B A∃S S ⊆

S A∃S = B

AB ⊆

B A is SUR

B A∃S S ⊆

S B∃S = A

BA ⊆

B A is INJ

B A∃S S ⊇

B

B A is SV

B A∃S S ⊇

is INJA is INJ

Fig. 9 � The Linear System Dictionary

Here, the algorithm we'll use will be called Generalized Rank Revealing decomposition

(GRR), and it will play a similar role. Rank-revealing decompositions have already been

studied in various related works (LOAN, 1976; PAIGE; SAUNDERS, 1981; STEWART,

2016). Despite its name, we'll not be talking (explicitly) about rank in this work. It is a

decomposition of pairs of matrices and can produce bases for all relevant subspaces about

them such as the intersection and the sum of their image. In this section, we present the

graphical form of the Generalized Rank Revealing decomposition and prove some of its

properties.

Proposition 70 (Explicit Form). For all matrices Am×n1 and Bm×n2, there exists inver-

tible matrices Xn1×n1, Yn2×n2 and Hm×m such that
A

B
=

X H

Y H
.

As one can see, this is a decomposition that relates a pair of matrices. It is not

explicitly relational, but it can be adapted via structural induction to work for any linear

relation. The next Proposition shows an equivalent and relational form of the GRR

Decomposition.

Proposition 71 (Implicit Form). For all relations Rm×n, there exists invertible matrices

Xn×n and Ym×m such that R = X Y .

In this version, the H doesn't appear, and that is why this version is being called

�implicit". H, roughly speaking, is the matrix that �connects� A and B and holds all the

relevant information about the subspaces concerning them. It is possible to reconstruct H

given the relational decomposition, however, we shall not delve deeper into this matter,

as the current goal is to merely use GRR as a tool to shorten proofs. The proof of

Propositions 70 and 71 are out of the scope of this work and will be omitted. However,

the reader should keep in mind that, in terms of proofs, these two Propositions will be

the main tools of this chapter.

4.3.1 Counting the number of zeros and discards

Informally speaking, the dictionaries provide us with characterizations about the abs-

tract notion of linear relations. The GRR decomposition, on the other hand, can express
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linear relations in terms of matrices, which have useful inductive structures. By combining

the GRR Decomposition with the dictionaries, we can prove some interesting Propositi-

ons. But �rst, it will be useful to explicitly write the following Proposition about the

structure of GLA.

Proposition 72. A⊕B ≤ C ⊕D ⇐⇒ A ≤ B and C ≤ D.

Theorem 73 (Total means no co-zeros). R = X YR is Total ⇐⇒

Proof. (⇒)

. R = X Y ≤ X ≤ X≤
Prop. 71Hyp. Fig. 8 Fig. 8

(4.2)

That implies the following.

. X ≤ XX ≤X≤ =

Fig. 8 Prop. 71 (4.2) Fig. 8

(4.3)

Lastly, we have that ≤ ⇒ ≤ ⇒k k
k = 0

Ax. 5Pro. 72(4.3)

. Therefore, the number of zeros

�to the left� in the decomposition of R is 0. Thus R = X Y .

(⇒)

X Y ≥
Fig. 8

.

This result establishes a connection between the number of zeros and discards in the

GRR decomposition and the properties of TOT, SV, SUR, INJ. The other three theorems

can be obtained by using the symmetries in Proposition 59, forming the characterization

below.

Theorem 74. Given a linear relation R and its GRR decomposition

R = X Y

k1 k2

k3 k4

r . Then, the following hold.

1. R is TOT ⇐⇒ k3 = 0,

2. R is SV ⇐⇒ k4 = 0,

3. R is INJ ⇐⇒ k1 = 0,

4. R is SUR ⇐⇒ k2 = 0.

If we combine the total and single-valued versions of it, we arrive at a constructive

version of maps. Also, with this theorem we are �nally able to prove Proposition 65.

Proposition 75. B A is TOT ⇐⇒ ∃S B AS ≤

Proof. B A ≤ X Y ≤ X Y ≤ S

Thm. 74 Fig. 8 Prop. 50

.



54

4.4 LINEAR ALGEBRA RESULTS

In this section, we'll use all the tools developed throughout the chapter to prove various

linear algebra results. First, we prove that relations that are total and injective at the

same time can't have more input wires than output wires. This immediately implies that

injective maps can't have the domain bigger than the codomain.

Proposition 76. A
m n

is INJ and TOT ⇒ m ≤ n .

Proof. A
m n

=
Thm. 74

X Y
m m n

k1
⇒ m = n− k

n− k1 − k2 ⇒ m ≤ n

k2

.

By symmetry, we also obtain the version for surjective and single-valued relations.

Proposition 77. A
m n

is SUR and SV ⇒ m ≥ n .

By joining these two, we can arrive at a theorem for invertible maps.

Proposition 78. A
m n

is invertible⇒ m = n .

This proposition guarantees that, when all four properties (INJ, SUR, TOT, SV) hold,

then the relation must be square, that is, with the same number of input and output wires.

There is a similar result in linear algebra, which states that if at least three properties

hold and the relation is square, then the fourth property must hold. We'll prove it only

for the TOT case, but by symmetry, the same can be achieved for any of the remaining

three.

Proposition 79. R
r r is SUR, INJ and SV =⇒ R

r r is TOT .

Proof. A
r r

X Y=
Thm. 74 r rr − k3

k3

r ⇒ r − k3 = r⇒ k3 = 0 ⇐⇒
Thm. 74

A
r r

is TOT .

The following result states that every map can be represented by some matrix.

Proposition 80. A is a map ⇐⇒ there is a matrix M such that A = M .

Proof. = X YA = M

Prop. 50Thm. 74
.

Analogously, one can prove similar results for co-maps and invertible maps.

Proposition 81. A is a co-map ⇐⇒ there is a matrix M such that A = M .

Proposition 82. A is an invertible map ⇐⇒ there is an invertible matrix M such that

A = M .

It is also possible to prove uniqueness in the graphical language. In particular, the

following result will be useful.
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Proposition 83. X A = B
b a and A is INJ =⇒ X is unique.

Proof. Suppose there exists Y such that Y A = B
b a . Then

Y = Y A A = X A AB A = = X

Fig. 8 Fig. 8Hyp.Hyp.

.

4.4.1 Calculating subspaces with GRR

The GRR decomposition can generate bases for all the relevant subspaces about a

pair of matrices. Also, the bases for each of these subspaces are subsets of a single basis

that spans the whole space. As an example, below is the construction of a basis for the

intersection of the image of two matrices A and B.

Lemma 84.
A

B

S= .

Proof.
A

B

X H

Y H

=
X H

Y H

=

H

H

= H= = H = H

Def. 70 Def. 70

Fig. 8 Fig. 8 Def. 70Fig. 8
= S

Prop. 50

.

The construction of the other subspaces is analogous, and they generate a table of

di�erent bases related to the relevant subspaces of A and B. This table is shown in

Figure 10, where A and B are short terms for Img(A) and Img(B). Notice that all of

the bases are contained in the basis for the whole space, in contrast to other algorithms

such as Zassenhaus' (ZASSENHAUS, 1966), which calculate unrelated bases for sum and

intersection.

In Fig. 10, we can extract intuition about the 4 input wires of the matrix H. Roughly

speaking, the �rst wire contains information about the part that is "only inside of B",

namely, B − (A ∩ B). The third wire contains information about the part that is "only

inside of A" (A−(A∩B)). The second wire contains information about their intersection.

Finally, the last wire contains information about the rest of the space. Together, all wires

represent the whole space.

4.4.2 Proving classical results in GLA

In this subsection, we derive some results from the book Linear Algebra Done Right

by Sheldon Axler (AXLER, 2015). The propositions will have their numeration inside

the book in order to facilitate future reference. This is being done as a proof of concept,

showing that graphical linear algebra has the potential of not only simplifying the theory
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H

H

H

H

H

H

H

H

B/(A ∩B)

A ∩B

B

A/(A ∩B)

(A+B)/(A ∩B)

A

A+B

kn

Fig. 10 � Subspaces of a pair of matrices A,B, where kn is the whole space.
Here, / and + are the usual vector space operations.

but also formalizing it and making new connections. One will be able to see that, despite

some of these theorems having extensive and wordy classical proofs, the arguments inside

this approach are short and calculational.

First, we'll represent �nite-dimensional vector spaces by the image of a matrix, which

can be thought of as the span of a list of vectors. After the following proposition, which

asserts that every �nite-dimensional vector space has a basis, we'll instead represent them

by a basis.

Proposition 85 (Every �nite-dimensional vector space has a basis (2.32)). For all A,

there exists S such that SA = and S is INJ.

Proof. Let X Y be the GRR decomposition of A. Then, de�ne S as Y . We

have

1. A X Y=
Thm. 74

Y=
Fig. 8 Def. of S

S=X Y=
Thm. 74

,

2. S =
Def. of S

Y = Y

Thm. 74
=

Fig. 8

.

Here, a basis is being represented by an injective matrix, which can be thought of as a

linearly independent list of vectors. For the rest of this section, the reader should consider

the following.

1. Linearly independent list of vectors will be represented by injective matrices.

2. Vector spaces will be represented by the image of a matrix.

3. A list of vectors will be a basis of V if it is linearly independent and its span is equal

to V .
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Proposition 86 (Exchange Lemma (2.23)). B ≤ A
b a and B is INJ =⇒ b ≤ a.

Proof.

1. B ≤ A ⇒ B A is TOT
Fig. 9b a b a ,

2. B is INJ ⇒ B A is INJ
Fig. 9 b a ,

3. b ≤ aB A is INJ and TOT ⇒
Prop. 76b a .

Here, a linearly independent list of vectors is being represented by an injective matrix,

and a spanning list of vectors is merely a matrix whose image contains the image of the

linearly independent list. The exchange lemma states that the length of any spanning list

must be greater or equal to the length of any linearly independent list, in other words,

b ≤ a. Normally, the proof would include a description of an exchange process of the

vectors. Here, this doesn't happen, since the last implication makes use of the GRR

decomposition. All the algorithmic part of the proof is postponed to the last step and

encapsulated in a single auxiliary Lemma.

Proposition 87 (Linearly independent list of the right lenght is a basis (2.39)). B ≤ A
r r ,

B is INJ and A is INJ =⇒ B = A
r r .

Proof.

1. B ≤ A ⇒ B A is TOT
Fig. 9r r r r ,

2. B is INJ ⇒ B A is INJ
Fig. 9 r r ,

3. A is INJ ⇒
Fig. 9

B A is SV
r r ,

4. B A is INJ, SV, TOT
r r ⇒ B A

r r
is SUR

Prop. 79
⇒

Fig. 9

B ≤ A
r r .

This theorem classically states that every linearly independent list of vectors in a

�nite-dimensional subspace V with length r := dim(V ), where dim means dimension, is

a basis of V . We're representing V by a basis A. Then, to prove the theorem, we showed

that a linearly independent list B with length r and whose image is in V must span V ,

therefore it must be a basis.

Proposition 88 (Spanning list of the right lenght is a basis (2.42)). B = A
r r

and A is INJ =⇒ B is INJ.
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Proof.

1. B ≤ A ⇒ B A is TOT
Fig. 9r r r r

B = A
r r ⇒ ,

2. B ≤ A ⇒ B A is SUR
Fig. 9r r r r

B = A
r r ⇒ ,

3. ⇒ B A is SV
Fig. 9 r r

A is INJ ,

4. ⇒B A is TOT, SUR, SV
Prop. 79r r

B A is INJ
r r ⇒

Fig. 9
B is INJ .

Again, let V be the subspace represented by the basis A. This result is similar. Instead

of showing that a linearly independent list B with length r must span V , we're showing

that a spanning list B with length r is linearly independent, and therefore a basis.

Proposition 89 (Bases have same size (2.35)). B = A
b a , B is INJ and A is INJ

=⇒ b = a.

Proof.

1. B = A B ≤ A⇒ ⇒
Fig. 9

B A is TOT ,

2. B = A B ≤ A⇒ ⇒
Fig. 9

B A is SUR ,

3. B is INJ ⇒
Fig. 9

B A is INJ ,

4. A is INJ ⇒
Fig. 9

B A is SV ,

5. B A is TOT, SUR, INJ, SV ⇒ b = a

Prop. 78

.

Here, we showed that two equal bases must have the same size.

Proposition 90 (Unique solution to linear system). B ≤ A
b a and A is INJ =⇒

∃!X X A = B
b a .

Proof. B ≤ A ⇒
Fig. 9

X A = B∃X ⇒
Prop. 83

X is unique. .

This proposition states that if Img(B) ⊆ Img(A) and A is injective, then the system

Ax = B must admit an unique solution.
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5 CONCLUSION

Our goal in this work was to understand how GLA could be developed to address

the three following issues: the lack of classical results proven inside the graphical lan-

guage, the extensive set of Axioms as originally formulated in the work Interacting Hopf

Algebras (ZANASI, 2015), and lastly the de�nition of matrices, which up until then was

iterative, instead of recursive. We addressed each of these issues in the three main chapters

of this work.

In the second chapter, we �rst constructed a careful set of 8 Axioms that encapsulate

everything we need, in the sense that these Axioms are equivalent to the Axioms present in

the work Interacting Hopf Algebras, as shown in Theorem 44. With this, the completeness

result proven in that work extends to our axioms too. This set of Axioms was more

compact, had double duality instead of duality and made use of inequalities to shorten

proofs.

In the third chapter, we developed the theory further by introducing a fully graphical

inductive de�nition of matrices. We then carefully proved each of the basic matrix proper-

ties until we reached a matrix multiplication algorithm. This de�nition was recursive, as

opposed to the already existent iterative de�nitions of matrices in the graphical language.

Lastly, in the fourth chapter, we used the GRR decomposition and all the tools we've

developed to prove various results and equivalencies. Here, we are addressing the main

issue concerning GLA: most of the classical results of linear algebra weren't yet proven in-

side the graphical language. We showcase a single relational decomposition which served

as a tool to simplify proofs. Some results proven in this chapter have wordy and complica-

ted classical proofs, which in turn have one-line proofs in GLA using the decomposition.

Not only that but, in this chapter, several di�erent results, such as the Exchange Lemma

and the Inverse Matrix Theorem, were generalized into a single characterization.

The advantages of this approach are apparent. The proven results are diverse, but they

all have short, calculational and somewhat similar proofs. We believe that the formality

and graphical intuition of GLA showcase its potential as a tool to develop and teach linear

algebra, and the proofs we've constructed in this work are the evidence for that.

5.1 FUTURE WORKS

GLA is still in its growth period. We did nothing but explore the tip of the iceberg.

Using the foundations built in this work, we would like to develop the theory even further.

We're interested in bringing more chapters of a typical linear algebra textbook into the

graphical language. In other words, notions of orthogonality, eigenvalues, eigenvectors,

and so on. To do that, it would be necessary to understand how di�erent �elds can be
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represented inside GLA. In this work, we only developed diagrammatic integers. It turns

out that the �eld Q can be represented by an integer a composed with the converse of a

non-zero integer b (in other words, a rational number a/b). We didn't delve much into

this for simplicity. It is also possible to use Zp simply by stating one additional axiom:
p = 0 . We are particularly interested in how one can express real numbers

inside the graphical language. They can't be all constructed inductively since there is a

cardinality problem. However, there are at least two options. The boring option is to

de�ne a single generator for each real number. Another option would be to represent them

in terms of continued fractions. In that sense, real numbers have nice representations in

the graphical language. We also wonder if, under this de�nition, proofs about reals such

as the irrationality of
√
2 can be proven in GLA.

We introduced a compact set of axioms for GLA. However, it seems to be possible to

shorten the set of axioms even more. More speci�cally, Axioms 4 and 3 seem redundant.

They seem to simply be "rotations"of the same general axiom. Informally speaking, if we

disregard direction (namely, the left to right �ow of the diagrams) they indeed become

the same axiom. It would be interesting to see GLA being developed in a directionless

environment (CARETTE, 2021) and understand what this new structure is representing.

We've presented a single relational decomposition in this work, the Generalized Rank

Revealing Decomposition. However, we didn't provide proof for its construction, and

instead merely assumed it to hold. Unfortunately, these proofs were out of the scope of

this work, but we plan on presenting them in another work. This also includes the other

dictionaries which were omitted. For instance, the dictionary mentioned in 4.2, which is

similar to the linear system dictionary.

It would be interesting to explore di�erent decompositions in the graphical language.

Two examples are a relational version of the SVD and a relational version of LU. The

latter is, currently, already in development by us. We can say that triangular matrices

and triangular decompositions behave well in the graphical language, and we do plan on

writing these proofs down in a near future.

Other types of matrices could also be explored, such as the Reduced Row Echelon

Form. One of our interests is proving inside the graphical language the uniqueness of the

matrix that appears as the result of a gaussian elimination. That matrix is, in fact, in

Reduced Row Echelon Form. Most classical proofs of this fact are wordy and confusing,

and we hope GLA can help clarify these arguments.

Lastly, the biggest future work we're planning to do is a graphical linear algebra

textbook. This textbook would develop the theory from the ground up using only GLA.

It would be suitable for university use and would provide a di�erent approach to how

linear algebra is taught today.
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