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Chapter 1

Introduction

Number theory is one of the oldest branches of mathematics. A major problem in number
theory is the study of Diophantine equations, specifically integer solutions to polynomial
equations with integer coefficients. These equations are notorious for being difficult to
analyze. A famous example is

"yt =2", (1.1)

which was claimed in 1637 by Fermat to have no non-trivial solutions (i.e. solutions where
none of the variables are zero) when n > 3. Despite its apparent simplicity, the claim
was only proved more than 300 years later by Andrew Wiles. It turns out that analyzing
the (possibly) larger set of rational solutions often tends to be more manageable. As an
example, let’s investigate for which types of polynomial equations we can find all rational
solutions.

When solving a one-variable equation

f@)=apz"+ ...+ +ap =0, au,apF#0, (1.2)

in the rationals, it is not difficult to convince oneself that for any solution a/b € Q, it must
be that a divides ag and b divides «,,. This reduces the search for rational solutions to a
finite number of cases. So this case is completely solved.

The next layer of complexity is that of two-variable polynomial equations f(z,y) = 0,
with f(z,y) € Z[x,y]. For degree one polynomials, the equation f(z,y) = 0 describes a line
L. We can then parametrize it by ¢ — vt + w, where v, w € Q. And this induces a bijection
of sets Q = {rational points on L}. So this case is simple.

Next, lets assume f(z,y) has degree two and C' = {(z,y) € C* : f(x,y) = 0} is a
smooth curve. There are two possibilities for the set C(Q) of rational points on C. First
of all, it may be empty, as in the case of 22 + y> + 1 = 0, which has no real solutions,
or 2 + y?> — 3 = 0, which has real solutions but no rational solutions. Using the Hasse-
Minkowski Theorem [6, Chapter 6], which is a deep result in modern number theory, it is
possible to construct an algorithm for determining if C'(Q) is empty or not. If it is not
empty, there are methods for finding a single rational point ¢ € C(Q) in reasonable time [9,



39]. Given such a point, a classic construction in algebraic geometry allows one to get
all other rational points simply by tracing lines passing through ¢ (see [36, Chapter 1] for
examples of this). The conclusion is that C'(Q) is either empty or infinite, and in the latter
case there is an algorithm for constructing all the rational points. For a non-smooth curve
C, it can be shown by elementary methods that it consists of either a single point or the
union of two lines, and both can be distinguished algorithmically. Either of the two cases
is easier to handle than the smooth case, so this completes the analysis of two-variable
quadratic equations.

Notice that the mere jump from degree 1 to degree 2 introduced a large amount of
complexity and case-checking. The general method for finding all rational solutions relies
on the Hasse-Minkowski Theorem, which is an advanced result proved only in the twentieth
century. The jump from degree 2 to degree 3 is even worse. While degree 1 is easy and
degree 2 is hard, it turns out that, as of right now, degree 3 is impossible. More concretely,
there is no known method for finding all rational solutions of a cubic equation, or even
deciding if there are finitely or infinitely many solutions. In a sense, this poses degree 3
equations as the next big step in understanding rational solutions to polynomial equations.

Let f(x,y) be a degree 3 polynomial and F := {(z,y) € C*> : f(z,y) =0}. If Eis a
singular curve, it is indeed possible to find all rational points, using a method analogous to
the one for degree 2 equations. If E is a smooth curve, then E is what is called an elliptic
curve. The remarkable property of elliptic curves, which does not occur in any other degree,
is that the set of rational points E(Q) (together with an additional "point at infinity" O)
forms an abelian group.

Before trying to explicitly construct F(Q) as a set, it is a good idea to understand
E(Q) as a group. It turns out that this group has a rich structure and many connections to
problems in number theory. For example, the congruence number problem [41] is equivalent
to finding a point of infinite order in E(Q) for some elliptic curve. Moreover, E(Q) is the
subject of the Modularity Theorem (previously called the Shimura-Taniyama conjecture),
of which a particular case was shown by Wiles in order to prove Fermat’s Last Theorem.
The group E(Q) also gave birth to many open problems. For instance, it is not known
exactly which groups can occur as E(Q) for an arbitrary elliptic curve, or if there is an
upper bound to the number of independent points in E(Q). Lastly, and more important
to our purposes in this work, F(Q) is related to the famous Birch and Swinnerton-Dyer
conjecture (or BSD Conjecture), which is one of the seven Millenium Problems.

First posed by Birch and Swinnerton-Dyer in a paper in 1965 [4] after a series of computer
calculations, the BSD Conjecture, if proved, would shed light into the structure of E(Q)
and connect it to the elusive world of L—fuctions. It is a beautiful conjecture with deep
consequences for number theory, however much theoretical background is needed before one
can even state it precisely. In rough terms, the conjecture states that

ords—1 L(E,s) =g,

where L(E, s) is a holomorphic function associated to E, called the L—function of F, and
rg is the rank of the group E(Q) (which, as we’ll see later, is always finitely generated).



The goal of this work is to develop the necessary background to better understand this
statement. This will be done in a mostly self-contained way. The only requirements are a
basic understanding of group theory, number theory, complex analysis, and algebraic geom-
etry (essentially knowing how to navigate between affine charts). We also use some basic
algebraic number theory, but all results are either proven or, at least, stated beforehand.
The contents are devised as follows.

(Section 2)

(Section 3)

(Section 4)

(Section 5)

(Section 6)

Here we provide the background knowledge necessary to understand the rest of the
work. The reader is encouraged to skip this section if they are already familiar with
these topics, otherwise to read them as they become needed.

A short introduction to elliptic curves and their basic properties is given. We also
introduce the notion of an L—function attached to an elliptic curve, which is crucial
to understanding the BSD Conjecture.

We give a proof of the Mordell-Weil Theorem, a fundamental result about elliptic
curves which says F(Q) is a finitely generated group (and thus isomorphic to Z" & T,
where T is a finite group). The number r is called the rank of the elliptic curve and
is at the core of many conjectures in the area. We also give an algorithm to find
reasonable lower and upper bounds for r.

We give a proof of the Nagell-Lutz Theorem, which gives an algorithm for computing
the finite group T'. We will also show a nice computer visualization based on this
Theorem which allows one to easily find some infinite families of elliptic curves with
a fixed group T' C E(Q).

We introduce the BSD Conjecture and state it precisely. After, we explain the al-
gorithm Birch and Swinnerton-Dyer used to compute some invariants of an elliptic
curve which led to the development of the conjecture. We also provide a pseudo-code,
as well as a table reproducing some of the results in the original paper.



Chapter 2

Preliminaries

The purpose of this chapter is to quickly present the necessary background to understand
the main proofs of this work. Most of these results are used only in Chapter 6, where
calculations by Birch and Swinnerton-Dyer [4], which led to the famous BSD Conjecture,
are explained. Much of the notation used throughout the chapters will be fixed here. Proofs
will be presented whenever results are not well-known or when a sufficiently simple argument
is available. Regardless, references will be provided for each topic for further study.

Section 2.1 showcases some basic results about Gaussian integers and briefly discusses
the Gaussian zeta function (z;)(s). Section 2.2 defines the well-known Legendre symbol
and its order 4 relative, the quartic symbol. The laws of quadratic and quartic reciprocity
are also stated [23]. Section 2.3 presents the fundamental results about finite fields. It
also discusses important properties of Gauss and Jacobi sums [16, 22, 18], which are useful
tools for counting the number of solutions to polynomial equations over finite fields. Lastly,
Section 2.4 develops the necessary background to understand the main results of algebraic
number theory, namely the finiteness of the class number and the finite generation of the
group of units of a ring of integers, and also Theorem 2.4.32, which will be important later
on. It also briefly discusses Dedekind zeta functions and valuations.

2.1 The ring of Gaussian integers

First, we set up some notation.



Notation 2.1.1. The term integer (resp. prime) always denotes a number (resp.
prime) in Z. A gaussian prime, or a Z[i|]—prime, will denote a prime number in Z[i].

p
Given a, b, p € Z[i], the expression a = b is equivalent to a = b in Z[i]/(p). The value
of a in Z[i]/(p) is said to be the Gaussian residue of a modulo p. Similarly, given

a,b,p € Z, the expression a £ pis equivalent to a = b in Z/(p). The value of a in
Z/(p) is said to be the residue of a modulo p. We define Na := a@, i.e. the standard

norm in Z[i|. We say a is odd if Na is odd, otherwise we say a is even. We say a ~ b
24-2i
if a = i*b for some integer k. Lastly, we say a is primary if a = 1;

The notion of a "primary" number serves as a way to unambiguously choose a generator of
an ideal (z) C Z[i] when z is odd. Below are some properties about primary numbers.

Proposition 2.1.2 (Properties of primary). The following hold.

1. Any odd Gaussian integer is associated with a unique primary;

4
2. a € ZJi] is primary if and only if @ = 1 or 3 4+ 2i. Thus, the primary integers
are exactly those of the form 4n + 1.

The primes in Z[i] are classified as follows.

Proposition 2.1.3 (Primes in Z[i]). A Gaussian integer 7 is a Gaussian prime if and
only if there is some integer k such that one of the following holds.

1. m ~ 144 (this is the only even Gaussian prime);
2. ™~ 4k + 3 is a prime;

3. mm =4k + 1 is a prime.

Z ‘ 2 3 5 7 11 13 17 19 23 29 31 37 41

1+i 3 244 7 11 342 4+4 19 23 5+2 31 6+i b+4i
Z[i] | 1—i 2 3-2 4—i 5— 2 6—i 5—4i

Table 2.1: Splitting of the first few primes in Z[i]

Table 2.1 shows how primes in Z[i] relate to primes in Z. Given a Gaussian prime m, we
know that (7) is a prime ideal, and thus a maximal ideal (since Z[i] is a PID). So Z[i]/(7) is
a finite field. Since finite fields are determined by their cardinality, the next results classify
the possible prime quotients in Z[i].



Lemma 2.1.4. Let n € Z. Then, |Z[i]/(n)| = n?.

Proof. 1t is clear that two elements a; + iby and ag + iby are equivalent in this quotient if
and only if a; = ap and by = by. Therefore, (Z[i]/(n),+) = Z2 and thus has size n?. O

Proposition 2.1.5. Given a Gaussian prime 7, we have |Z[i]/(7)| = N.

Proof. If m = 1+ this can be readily checked by hand. Suppose 7 is odd. If 7 = 4k + 3 for
some k € Z the result follows by Lemma 2.1.4. Suppose then 77 = 4k + 1 =: p is a prime
number. Then (p) C (7), so there is a surjection Z[i]/(p) — Z[i]/(7) and thus |Z[i]/(7)]| is

=

a proper divisor (# 1) of |Z[i]/(p)| = p? (by Lemma 2.1.4). So it must be p = Nr. O

Remark 2.1.6. Given a prime number p = 4k + 3, it follows from Proposition 2.1.3 that
p is also a Gaussian prime. And so by Proposition 2.1.5, Z[i]/(p) = Fnp, = F,2. So, for
example,

Fo 2 {0,1,4,—1,—i,1+i,1—i,—1—i,—1+4}

with the usual addition and multiplication taken in Z[i]/(3). This gives a quick way of
representing some finite fields.

2.2 Quadratic and Quartic Reciprocity

One of the oldest problems in number theory is the study of polynomial equations over the
integers modulo p, where p is some prime number. The simplest example is z" = a, for an
integer a and n > 1. A solution to such an equation is called a nth-power residue. The study
of power residues dates back to the 17th century with letters by Pierre de Fermat. In 1798
Legendre introduced the famous Legendre symbol while studying quadratic (or 2nd-power)
residues.

Definition 2.2.1 (Legendre Symbol). Given an odd prime number p and an integer
a coprime to p, the Legendre symbol is defined as

—1 otherwise.

<a> o {1 if 22 =a mod p admits a solution,

Notice that (%) only depends on the value of ¢ mod p. In 1748 Euler had already proven
what is now called Euler’s criterion.



p—1

Proposition 2.2.2. [Euler’s criterion] (%) =a™2 mod p.

This shows the Legendre symbol is multiplicative in the first input (i.e. (%’) = (%) (}L;)) The
law of quadratic reciprocity is stated as follows.

Theorem 2.2.3. [Quadratic Reciprocity Law] Let p, ¢ be different odd primes. Then,

PY(a) _ it (L) et (2) Lo B
()G) - (5) oo () -oo

Often the law is considered to be only the first equation, and the other two are called
supplementary laws. To this day the quadratic reciprocity law is considered to be one of
the most important results in number theory. Although Legendre was the first to publish a
proof attempt, the argument was wrong. As stated by Cox [8]: "some of the cases are proved
rigorously, some depend on Dirichlet’s theorem on primes in arithmetic progressions and
some are a tangle of circular reasoning." It was Gauss, in 1796, who first provided a correct
proof. Nowadays there are hundreds of proofs using a variety of different mathematical
tools [10, 23, 34].

Remark 2.2.4. Combining quadratic reciprocity with Euler’s Criterion we can quickly
compute the Legendre symbol even when large numbers are involved. For example, by
factoring 42 as 2 - 3 - 7 we have

(o) =) ) G ) = () (7) =~ G) ) =

The second inequality used the entirety of the quadratic reciprocity law. In two steps, we
reduced the calculation to Legendre symbols involving only single-digit numbers.

When it comes to higher power residues, there are different ways of generalizing the
previous ideas. For 2Fth-power residues, namely equations of the form 22" £ a, it is not
hard to derive the analog of Euler’s criterion (see Proposition 7.1.2 in the Appendix),
provided one knows some fundamental results about finite fields. For different powers,
things get a little trickier. Moreover, it is not clear if there are analogs of the law of
quadratic reciprocity. It was Gauss who first noticed that the natural domains for such
power residues were not the integers, but an "infinite enlargement" of them. (For more
information on power residue and reciprocity theories see [23].) In the case of quartic (also
called 4th-power, or biquadratic) residues, that ring is Z[i]. In Gauss words: "the theorems
on biquadratic residues gleam with the greatest simplicity and genuine beauty only when
the field of arithmetic is extended to imaginary numbers, so that without restriction, the
numbers of the form a + bi constitute the object of study (...) we call such numbers integral
complex numbers." The quartic symbol is defined as follows.

10



Definition 2.2.5 (Quartic symbol). Given an odd Gaussian prime p and a Gaussian
integer a coprime to p, the quartic symbol is defined as

Np—1
a 4 .

lie=

a
—| = ik, where *
p

At first glance, it is not clear whether or not this is well-defined. First, why is Np — 1
divisible by four? By Proposition 2.1.3, primes p € Z[i] are either of the form p = 4k + 3,
in which case Np — 1 = 16k? + 24k + 8, or satisfy pp = Np = 4k + 1. The second issue is
why is aNP~1/4 always congruent to a power of i. By Proposition 2.1.5, the cardinality of

p
Z[i]/(p) is Np, and thus by Fermat’s Little Theorem a’?~! 2 1. But then a"?=1/% must
be a root of the polynomial z* — 1, i.e., a power of i. From there, it is not difficult to show
P
that 2* = a admits a solution if and only if [%] =1.
Notice that g = [%] Also, similar to the Legendre symbol, the quartic symbol is
multiplicative in the first input and depends only on the Gaussian class of a modulo p. We’ll

often extend it to also be multiplicative in the second input (i.e., given two odd Gaussian
primes p, ¢, we have [piq] = [%] [%]) and set [%] = 0 when a and p are not coprime. The

following proposition shows that, for a prime p, [F} is not interesting when viewed as a
function in 7Z,.

a

Proposition 2.2.6. Let a,b € Z with b primary prime, then [4] = 1.

Proof. If b 2 1, then it decomposes as b = 7w. Then, [4] = [&][&] = [&][&] = 1. If

4
b = 3, then b is a Gaussian prime and we have

b2_1 b—1b+1 b
a1 =q 2z 2 =

(1) = 1.

Here we used Euler’s criterion and the fact that (b+ 1)/2 is even. Then, by the definition

b
of quartic symbol, [-}] = a®-1/4 £ 1. This concludes the proof. O

11



Theorem 2.2.7 (Quartic Reciprocity Law). Let @ = a + bi and  be primary and

coprime Gaussian integers. Then,
(_1)(Na—1)/4(_1)(N5—1)/4 [ﬂ] 7
o

]
g
| sa-a)e L+ jabb2-1/a |21 b
a ’ a ’ a ’
Remark 2.2.8. We can now perform quick calculations with the quartic symbol, similar

1+
1—49

to what was done in Remark 2.2.4. For example,
. 2
Z ‘|

sea =N

1—49

1—4
In the first equality we reduced 17 — 5i modulo 1 — 4i. After, we used the fact that [?] is

multiplicative. Lastly we used the supplementary quartic reciprocity laws.
3+ 2, and v =1

4

Proposition 2.2.9. Let a,b be primary. Let v = —1 if a,b

otherwise. Then,
al |b
b |~ |
Proof. By the law of quartic reciprocity, we have v = (—1)Na4_1 o Suppose for instance
4 4
that a = 1, then (Na — 1)/4 is even and thus v = 1. If both a,b = 3 + 2, then both
(Na —1)/4 and (Nb — 1)/4 are odd and thus v = —1. O
Corollary 2.2.10. Let a,b be primary. If either a or b is an integer then [4] = [2].
O

4
Proof. By Proposition 2.1.2, either a = 1 or b £ 1. The result then follows from Proposi-

tion 2.2.9.

12



Proposition 2.2.11. If a ~ (1 +4)" and b is primary, then
1. [#] depends only on the Gaussian residue of b modulo 16;

2. if a € Z, then a = +27/2 and (] depends only on the Gaussian residue of b
modulo §;

a

3. if a = +1, then [7} depends only on the Gaussian residue of b modulo 4.

Proof. Throughout the proof let b = c+di. (1) Let a = i'(1+4)". We use the law of quartic

reciprocity to get
.1l qr
o AR a-eu2ie-d-d2-1)r/a
b b b ’

which clearly depends only on the gaussian class of b mod 16. (2) Now suppose a € Z.
Then, a = (—1)'2" with 2h = . We use quartic reciprocity again.

R

which depends only on the Gaussian class of b mod 8. Lastly, if a = (—1)' then [4] =

4] 2l — (1= which depends only on the Gaussian class of b mod 4. O

2.3 Characters of Finite Fields

[l

In the previous section we’ve seen equations of the kind ™ = a. There are two ways of
generalizing this type of equation: (1) we can consider bigger fields (i.e. Fyr for r > 1); (2)
we can consider different types of polynomial equations. The first case is closely related to
the notion of a multiplicative character. The second case is quite hard to analyze in general,
however, particularly nice-behaved polynomial equations, namely those in what is called a
"diagonal form", can be analyzed with Gauss and Jacobi sums [22, 16, 18]. These tools are
the topic of this section. First, we set some notation and recall some classic results about

finite fields.

Notation 2.3.1. From now on, p will always denote a prime number and ¢ will
always denote a power of p. [, is the only finite field of order ¢ up to isomorphism.
[y :=F,—{0} is the group of invertible elements of F,. We will denote by 7 : F; — F,
the Frobenius field homomorphism given by x — «P.

13



Proposition 2.3.2. Let G be a finite group of order n. If for each d | n,
#{xeG : 2¥=1} <d,

then G is cyclic.

Proof. Fix some d | n and define G4 as the set of elements in G of order d. Suppose there
is g € Ggq. Then, (g) C {x € G : x% =1}. But since #(g) = d, these sets must in fact be
equal. That means G is the set of generators of (g), and thus has cardinality ¢(d), where
¢ is Euler’s totient function. So we’ve proved that for any d | n, #G4 = 0 or ¢(d). But
then,

n=#G <) #Gy <) ¢ld) =n,

din din

therefore all G4 are non-empty. In particular, (G, is non-empty, so G has a generator. [

Corollary 2.3.3. Any subgroup G < Fy is cyclic. In particular, Fy is cyclic.

Proof. For any d | n, the polynomial ¢ — 1 € F,[z] has at most d roots. The result follows
from Proposition 2.3.2. O

Proposition 2.3.4. There is an inclusion Fym < Fp» if and only if m | n.

Proof. (=) lf Fym C Fyn, then Fpn is a vector space over Fpm of dimension [Fpn @ Fpm] =: d.
Then, p* = |[Fpn| = |[Fpm|? = p™@. So m | n. («=) Conversely, note that F, is the splitting
field of 29 — x. Since m | n, it follows that 2P — x| zP" — 2 since

n n =1 m_
o —x = (2P _11)=$<x5’"—1(p 2 1>

T Lol
P P
=z(z?" —1) Z P = (P ) Z 2" =1
=0 =0
Thus Fpm g IFpn. O

As a consequence of Proposition 2.3.4, we can see Fyn /F, as a field extension and consider
the group Gal(Fg» /). It turns out that this group has order n and is generated by 7.

Proposition 2.3.5. F;»/F, is a Galois extension. Moreover, Gal(IFy» /F,) is gener-
ated by 7 and has order n.

14



Proof. We'll first prove for the case where ¢ = p. We have that xP" — x is separable in F,[z]
and F, is its splitting field. Thus Fyn /IF,, is Galois. So |Gal(Fyn /Fp)| = [Fpn @ Fp] =n. To
prove that it is generated by the Frobenius homomorphism, it suffices to show that 7 has
order at least n. Let d be said order. We have, for all a € Fpn,

OZTd(a)—a:apd—a.

But the polynomial ' —z € F,[z] has at most p? roots, so p” < p?, thus n < d. Now,
for the general case, note that since Fyn/F, and F,/F, are Galois, so is Fyn/F,. Then,
Gal(Fgn /Fy) is a subgroup of Gal(Fy»/F,) of order n/m. Since the latter cyclic generated
by 7, it follows that Gal(F,»/F,) must be (7). O

There are two useful maps from Fg» to F, called norm and trace.

Definition 2.3.6 (Norm and Trace). Given a finite extension L/K, we define the
norm Ny x : L — K and trace Try /i : L — K as

Nz K (z) = H o(x), Trp/(z):= Z o(x).

o€Homg (L,K) o€Homg (L,K)

Clearly, the norm is multiplicative and the trace is additive. In the case of Fyn /F,, we denote
the norm and trace by Nyn /, and Tryn /4 for simplicity. Since the Frobenius homomorphism
generates Gal(Fgn /F), we have explicit formulas for these maps given by

Nyn q( H a? Trgn /q(z Z a? . (2.1)

Proposition 2.3.7. Let n | m (so Fgn C Fgm), then

(1) Nqn/q o Nq'm/qn — Nan/q (IV
(ii) Ngn,q is surjective (v
(i) Ny /q]Fq (z) = " (vi

Trqn/q o) Trq'm/qn — Trqwn/q
Tryn/q is surjective

~— — —

Trqn/q‘IF = nx.
q

Proof. The key idea to prove the properties of norm is that 1+q+...4+¢" 1 = (¢"—1)/(¢—1).
(i) Let a € Fym, we have

g —14"-1 g -1

n m—mn n—1
Nqn/q o qu/qn (OZ) == Oz(1+q ++q )(1+q++q ) = q"-1 ¢-1 — [0 -1 = Nan/q(Oé).

(ii) Let o be a generator of Fy.. We have Nyno(a) = altat+a"™h = @ -1/ =; g
which clearly must have order ¢ —1, so 3 generates F,. (iii) Let o € Fy, so a? = « and thus

15



Nyn /() = altat-H+a" — g (iv) Let a € Fym. We have

I3

-1 m—1

T (o) = i ™) = Trgm jq(a).
0 k=0

1

™

n—1 %*1 n
Trgn /g © Trgm jgn(a) = Z T (Z T (a)) =

i=0 =0 i=0 j

In the last step we simply reindexed the sum by setting k = nj +i. (v) If we look at Fyn as
a vector space over Fy, then Tryn /, is a linear map from a n—dimensional vector space to a
1—dimensional one. Therefore, it must be surjective provided it is not zero. But it can’t be

zero since Tryn /o () = " 24" is a polynomial of degree ¢" ! in 4[] and thus can have at
most ¢"~! < |Fgn| roots. (vi) Let o € Fy, then Tryn /o (a) = rlal =" a=na. O

Corollary 2.3.8 (Reduction Formula). Let k | n and o € Fx. Then,

(Nge (@)™ = Ny g ), 2 (Trge (@) = Trgejgler):

Proof. Since v € Fpp C Fyn,

n/k

(Nq’“/q(a)) - Nq’“/q(o‘n/k) = Nk /g 0 Non jgr (@) = Nyn /g ().

The proof for the trace is similar. O

Theorem 2.3.9. Let P(x) € Fy[z] be irreducible of degree n. Then, we have that
Fyn = Fylz]/(P(x)) and there is some o € Fyn such that

n—1

P(z) = [[ (= — a%).

1=0

Proof. Since Fy[z] is a UFD, P(x) is prime, so L := F,[z]/(P(z)) is a finite domain and
hence a finite field. Its cardinality is clearly ¢" since for any h(z) in the quotient there are
p options for each of the m coefficients. Since fields are determined by their cardinality it
follows that L = Fyn.

For the second claim, we know that, formally, € L is a root of P. Let (x) be a
generator of L* (which is cyclic). Then, there is some s > 1 such that ¢" { s and « = (z)*.
Recall that Gal(F» /F,) = {id, 7,72, ..., 7""1}. Now, each 7%(z) = B()*? must be a distinct
root of P. To see this, suppose (x)® = B(:p)sqi for some i, so ¢" | s(1 — ¢') which is only
true when ¢ = 0. Therefore, by setting « := x we get the desired result. O

This gives a nice way of representing finite fields provided one is able to find irreducible
polynomials. Unfortunately, this task is far from trivial. The two main algorithms for
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searching irreducible polynomials in F, are the Berlekamp’s algorithm [3] and the currently
fastest Cantor-Zassenhaus algorithm [5].

Proposition 2.3.10. Let p be an odd prime number and k£ > 1. The equation

k
has a solution in I, if and only if ¢ z 1.

—1

Proof. (=) Suppose there is some o such that a2" " = —1. Since —1 # 1 (since p is odd),
it follows that o has order 2* and by Lagrange’s Theorem 2* must divide the order of Fg
which is ¢ — 1. (<) We proceced by induction on k£ > 1. If £ = 1 there is nothing to prove.
Assume by induction that there is some a € F,; such that A By Theorem 2.3.9,
the equation 2> = « must have a solution S in F,. But g is fixed by all elements in
Gal(FF 2 /FF,) since this group is generated by x + x¢ and

1 = mHl = pa? M = p(—1)*" = .
k
In the first equality, we used ¢ Z 1. Since the Galois group fixes 3, it follows that g € F,. [

Remark 2.3.11. If p = 1, then (22 + 1) is irreducible by Proposition 2.3.10. That means
F,2 = Fy[z]/(z? + 1). This gives us another simple way of representing some finite fields.
For example,

Fog={0,1,2,z,2+ 1,2+ 2,2x,2z + 1,2z + 2}

with addition and multiplication taken mod x? + 1.

We can now start the discussion about characters.

Definition 2.3.12. Let G be a group. The group of characters of G is defined as
G = Hom(G, C*), where C* is the multiplicative group of complex numbers. The
operation is multiplication of maps and the indentity element is called the principal
character and is denoted by 1 (or simply 1, when there is no ambiguity around the
group GG). We say a character x is non-principal if x # 1¢.

If G is finite, notice that any character xy must send elements in F, to elements of finite
order in C*, i.e. roots of unity. This implies that inversion is simply complex conjugation,

namely y~! = ¥.
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Proposition 2.3.13. Let x be a non-principal character of a group G. Then,

> x(g)=0.

geG

Proof. Since x is non-principal there must be some h € G such that x(h) # 1. Then,
> x(g)=>_ x(hg) =>_ x(h)x(g) = x(h) > x(9).
geG geG geG geG

Therefore the sum must be zero. O

Proposition 2.3.14. Let (G, +) be a finite abelian group. Then, G~qG.

Proof. By the fundamental theorem of abelian groups, we know G must be isomorphic to
Ly X ... X Ly,,. Let (, be the nth root of unity. We define the isomorphism explicitly by
(a1,...,ax) = Xas,...,a, Where

. a1 AT
Xal,...,ak(xla---axk) — Sny Sny

To prove injectiveness, suppose Xq,,..q, = 1. Let ¢; = (0,...,0,1,0,...,0) be the element of
G with only one non-zero component, in the ith position. We have 1 = xq,... 4, (€:) = (7.
Therefore each a; is congruent to zero and (ay, ...,ax) = 0. For surjectiveness, let x € G.

For each i, x(e;) = (5i, S0 X = Xay,...,ap- O

A character of (Fy,+) is called an additive character of F, and a character of (Fy,-) is
called a multiplicative character of F,. The simplest additive character is the exponential
Py : By — C* defined as ¢(z) := >™®/P. From there, we can build additive characters for
bigger fields by setting ¢, := 1,0Tr,/,. Multiplicative characters are usually denoted by the
letter x. Given a multiplicative character x of F,, we have X" = X ©Ngn /4 @ multiplicative
character of Fy». Below we prove that this construction preserves order.

Proposition 2.3.15. Let x : F; — C* be a multiplicative character of order m.

— N
P X

q

Define the character (™ := X ©Ngn/q. Then, x(™ also has order m and y (™

Proof. For any a € F; we have X (a) = X( ?;& oﬂj> = X( ;‘;01 a) = x (") = x"(«).

The order of X(”) must be m since the norm is a surjective map. More concretely, suppose
k is the order of x(™. Then, k is the first natural number such that

Xk (o] Nqn/q = (X(n))k = l[ﬁ‘qn == ]]‘Fq ONqn/q.

Since the norm is surjective, this occurs if and only if y* = Ip,. Therefore k = m. O
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Multiplicative characters have already appeared in this chapter. Let p be an odd prime.
First, given any finite field Fy, there is a unique multiplicative character of order two (since
it must send a generator to —1). In the field F,, that character is the Legendre symbol (5)
For the bigger field F,, Proposition 2.3.15 tells us that the character is given by (5) o Ny/p-

4
The situation is similar for order 4. First, if ¢ = 3, there cannot be any characters of order
— 4
4 since that would imply 4 divides |F}| = [F;| = ¢ — 1. If ¢ = 1, there are only two of them,

. . . 4
namely the ones that send a generator to ¢ and —i. In the case of I, with p = 1, these are

precisely the quartic symbol [ and its conjugate [, where p = 77; from there, we can

4
use Proposition 2.3.15 to build characters for F; in the same way as before. When p = 3,

4
there are characters of order 4 of I, when ¢ = 1, but they cannot be expressed in terms of
the quartic symbol. These results are summarized in the following Proposition.

Proposition 2.3.16. Let p be an odd prime. Then, [F, always has exactly one
character x2 of order 2. Moreover, it has exactly two characters x4,%, of order 4

when ¢ = 1. These characters are given explicitly by
1. xo = (]3) o Ng/p;

4
2. x4 = [7] o Ng/p (up to conjugation) when p = 1, with p = #7.

Example 2.3.17. With the tools we developed so far it is possible to evaluate some char-
acters explicitly. As an example, let x4 be a multiplicative character of order 4 of the field

F,, with ¢ =p" 2 1. We'll show that x4(—4) = 1.

8
Case 1: ¢ = 1: by Proposition 2.3.10 there is some £ € F, such that & = —1. Then, we
use Proposition 2.3.16 and quadratic reciprocity to get

xa(—4) = HENE(2) = xo(2) = (N/@)> - <2> - <2> _ (Caytus

p p p

We must show 16 divides 7(p?—1). If p = 4k+3 then » must be even (since ¢ 2 1),s0r =21
and r(p?>—1) = 27/ (16k*+8k+8) = 161" (8k*+k+1). The case where p 2 1is trivial. Lastly,
if p = 8k +5 we have again r = 2r’ and r(p? — 1) = 20/(64k> + 16k +24) = 160/ (4k> + k +1).

(Case 2: ¢ 2 5) In this case, p must be of the form 8%k + 5 and r must be odd. Then, by

Proposition 2.3.10, there is § € I}, such that €2 = —1, but —1 is not a 4th-power residue in
Fy. So we have

P/ \P

We have r(p? — 1) = r(64k% + 16k + 24), which is not divisible by 16, so the result is
(—=1)-(—=1) = 1. We conclude that y(—4) =1 in all cases.

xa(—4) = (26 = @ (2) = (~1)- (1),
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The next proposition relates multiplicative characters with counting the number of mth-
power residues of a finite field.

Proposition 2.3.18. Let a € Fy and xp, : Fj — C* be a multiplicative character of
order m. Then,

#{xeF, : 2™ =a} = szn(a).
j=1

Proof. We know Iy is cyclic and hence generated by some (. So, a = ¢* and the solutions
for 2™ = a are exactly the solutions in k for ¢(¥™ = (@, or, in other words, the pairs (k,n)
such that

km+n(¢g—1) =a.

This of course has no solutions if m = ged(m,q — 1) 1 @. Otherwise, we have at least one
solution xg. But then the set

{¢Fa=D/myy 0 0 <k < m}

contains all solutions. Hence there must be m solutions. Now, for the right-hand side, we
know that x,,(¢) = €2™/™ where ged(s, m) = 1. Then,

Y oxda(@) =D xd(¢) = D errilelm),

j=1 Jj=1 Jj=1
If m | «, then all the terms in the sum are = 1, so the sum is equal to m. If a { m, this is
the sum over all mth roots of unity, and hence is equal to zero. O

We now get to the definition of Gauss and Jacobi sums.

Definition 2.3.19 (Gauss sum). Let x be a multiplicative character of F,. The
Gauss sum of y is defined as

g(x) = Z X(z)hg(x), where ¥g(x) := exp (?Trq/p(m)) )

z€lFYy

Definition 2.3.20 (Jacobi sum). The Jacobi sum of two multiplicative characters
X, v : Fy — C* is defined as

J(x;0) = Y x(a)v(b).
a,beF;
a+b=1
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Below are some basic properties of Gauss and Jacobi sums.

Proposition 2.3.21. Let x,v : Fj — C* be non-principal characters. Then,

1) Jxv) = J( X) (v) gx) =x(-1g(x), g(1)=-1
(i) J1)= (vi) g(x)g(xX) = x(—1)q
(iii) J(x,x) = (—1) (vil) g0 = va
(iv) J(1,1)=q—2 (vili)  J(x,v) = g(x)g(v)/g(xv) if x #D

Proof. (i) This is clear from the definition. (ii) We have

> x(a) =Y x(a)=-1+ > x(a) = -
a,bely acky a€cFy
a+b=1 a#l

where in the last step we used Proposition 2.3.13. (iii) This case is similar.

= > x(—ax(@) = > x(a™" = x(a)x(a) = Y x(a™' —1) = —x(-1).
a€F;, acF; acF;
a;él a;él a#l

In the last equality, the sum ranges over all elements of the form x(z) except x(—1), so
again the result follows by Proposition 2.3.13. (iv) J(1,1) = EaeF;f{l} 1=g—2. (v) Here,

note that 1, (a) = Y7t (a) = Yg(—a). So
=D X(@)py(—a) = > X(- =X(=1) D>_ x(@)irg(a) = X(~1)g(x).

aEF; aEIF* aGIF;;

But x(—1) = x(—1) since —1 has order 2. For the second part, g(1) = 2ack: Pg(a) =
=1+ er, Yqla) = —1. (vi) Here, we first prove

:(zxwwq(a))(Zv ) > x(@v(biy(a+D).

acFy beFy a,beFy

By summing over ¢ = a + b we get the following equation.

= > > X@(b)d(e). (2.2)

c€Fq a,belFy
a+b=c

We apply this equation for v = ¥. The term ¢ = 0 is calculated as

> x(@)x(®) = Y x(a)x(~a )Y 1=x(-1)(g—1).
a,beFy acFy acFy
a+b=0
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For the terms where ¢ # 0, we have

Yo D> x@ud)g(e) =D D> x(cayu(cb)iy(c) (2.3)
c€Fy a,bely c€F? a,bely
a+b=c a+b=1

= (Z(XW(C)%(C)) Y x(a@)v®) | =glxv)J(x,v). (2:4)
cely a,belfy
a+b=1

Again applying this to v = %, we have g(1)J(x,X) = (—1)(—x(-1)) = x(-1). Sum-
ming everything we have g(x)g(X) = x(—1)g. (vii) Here we have |g(x)|*> = g(x)g(x) =

x(=1)g(x)g9(%) = x*(=1)q = gq. (viii) We use once more Equation 2.2. However, this time,
the term ¢ =0 is

Z x(a)v(b) = Z x(a)v(—a) = v(-1) Z (xv)(a) = 0.

a,belfy a€cFy a€cky
a+b=0

The last sum is equal to zero since xv # 1 by hypothesis. The terms for ¢ # 0 are equal to
g(xv)J(x,v) by Equation 2.4. We then have

g(x)g(v) = g(xv)J (x, v).

To conclude we have to divide both sides by g(xv). This can be done since |g(xv)| = /g,
so in particular it is non-zero. And this concludes the proof. O

Theorem 2.3.22 (Hasse-Davenport). —g(x™) = [—g(x)]"

Proof. The argument amounts to some clever manipulation of formal expressions. Let M be
the set of monic polynomials in Fy[z], and I C M the set of monic, irreducible polynomials.
Let f=(z—a1)...(x —a) € M, with a; € F;. Define a function p : M — C* by

p(f) = x <1:[ az-) Vg (; az-) :

where we set x(0) := 0. This is well-defined since the sum and product of the a;’s are,
respectively, the coefficient of 2*~! and constant term of f. Notice that p is multiplicative
(i.e. p(fg) = p(f)p(g)). Now, let o € Fyn with minimal polynomial f, € I of degree k.
Then, by Theorem 2.3.9 we have Fy(a) = Fyk, and f = Hf;ol (x — ). Then,

P(fa)n/k
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k-1 k-1
_ Xn/k (H atf) ¢g/k¢ (Z atf) (Definition of p)
=0 i=0

= Xn/k (qu/q(a)) ¢g/k (Tqu/q(a)) (Equation (2.1): norm and trace of Fqk)
n

= ¥ (qu/q(a)n/k) Uy (k’I‘qu/q(a)) (x and 1) are characters)

= X (Nqn/q(a)) Yq (Trqn/q(a)) (Corollary 2.3.8: Reduction Formula)

= X(n)(a)qu (@) (Deﬁnition of (™ and g o Trgn /g = qu>.

From there, we have

g(x™)
= Z X(")(a)qu (a) (Definition 2.3.19: Gauss sum)
aGIF;n
= > > xM(@ug(a) (a €Fye <= 3f € Ldeg f | n. f(a) = 0)
fel  qeF,
deg fIn f(a)=0
= Z Z p(f) desf (Calculation from before)
fel a€F,
e fin oy 0
= Z (deg f)p(f)™ deef (f has deg f roots in Fq).
fel
deg f|n

Now, let ¢ be a formal variable. The expression p(f)t°/ is multiplicative on f, so we can

use Euler’s product identity to get

A;

[T (1 pHees?) " = 3 oo =3 | 50 o) |1 =2 At
fel feM i>0 df:gejf\ii i>0

Let’s calculate the coefficients A; explicitly. First, we have

Ao= > p(H=1, A= > p(f)= plz—a)="Y x(a)yla)=g(x)

feMm feMm a€l, aclFq
deg f=0 deg f=1

For ¢ > 1, we have

A;
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= Z o(f) (Definition of A;)

feM

deg f=t

= Z p(wi —aiz L+ (—l)iao) (Reindexing)
ao,...,aifle]Fq

= Z X(ao)q(ai—1) (Product and sum of roots in terms of a;’s)
ag,...,a;—1€Fq

= ¢ Z x(ap) Z Pg(ai—1) (Summand is independent of ar, ..., a;—2)

ap€lFy a;—1€F,
=0 (Proposition 2.3.13: Y 94(a) = 0).

Thus formally []re/(1— p(f)tdee )= =1+ g(x)t. We take the log on both sides, obtaining

— log (1= p(f)t*8)) = log (1 + g(x)t). (2.6)
fer

Differentiating on both sides we get

o el 1)t

3~ (e D=t g(x) (2.7)

The left-hand side is the sum of a geometric progression, so we can simplify it to

£ D0 D (deg Pl fy ]

felj=1
= ¢! deg fp(f n/deg f | yn Exchange summations by reindexing
gJ)p
n>1 fel
deg f|n
= z g(X(n))tn_l (Calculations from before).

n>1

The right-hand side is also the sum of a geometric progression equal to

S (=)

n>1

Comparing coefficients of "~ we get g(x™) = (=1)"1g(x)". O

2.4 Basics of algebraic number theory

In this section we present a brief introduction to algebraic number theory. The final goal is
to prove Theorem 2.4.32, which will be necessary in the proof of the Mordell-Weil Theorem.
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To do this, we must first be able to state the two main theorems of algebraic number theory:
the finiteness of the class number and the finite generation of the group of units. We start off
by defining number fields and proving some of their basic properties [33, 29, 31]. Next, we
quickly discuss the relations between local rings, Dedekind domains and discrete valuation
rings. A more in-depth characterization of these properties can be found in [19, Page 599].
In the end, we also talk briefly about Dedekind zeta functions and valuations.

2.4.1 Integrality

Definition 2.4.1. Let A be an R—algebra. We say a € A is integral over R if
P(a) = 0 for some P € R[x] monic. We say A is integral over R if all elements of A
are integral over R.

Proposition 2.4.2. Let A be a finitely generated R—algebra. Then, the following
are equivalent.

(i) A is integral over R,

(ii) A is generated (as a R—algebra) by integral elements,
(iii) A is a finitely generated R—module,
)

(iv) There is a finitely generated R—submodule M C A with AM C M.

Proof. (i = ii) Since A is integral, any generating set contains only integral elements.
(ii = iii) Let {ri,...,m} be such a generating set. Since each r; is integral, we have
Pi(r;) = 0 with deg(P;) =: d;. But then, the set {r’fl...rﬁn k; < d;} generates A as a
R—module. (iii = iv) Just take M = A, so AAC A. (iv = i) Pick a € A and {z1,...,x,}
a generating set for M. So for all ¢ we have az; = }_; ¢jjz;, with ¢;; € R. Define a matrix
S by Si; = (adij — ¢ij), s0 S(x1,...,x,)" = 0, thus det(S) = det(ad;; — ¢;;) = 0, which is a
monic polynomial over R evaluated at a. O

Corollary 2.4.3. The set intr(A) := {a € A : a is integral over R} C A, called the
integral closure of R in A, is a ring.

Proof. Let z,y € intp(A). Then, the algebra A[z,y] is generated by integral elements, and
hence, by Proposition 2.4.2, integral over R. Since zy,x+y € A[x,y], the result follows. [

Remark 2.4.4. Take A = R, R = Z. The proof of Proposition 2.4.2 gives us a way of,
given some a € R, finding a polynomial P(z) € Z[x] with P(a) = 0. For instance, let
a =2+ /3. Then, a € Z[v/2,v/3] = span;{1,v2,v/3,/6}. Since this generating set has
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cardinality 4, the set {1,a,a?, a®, a*} must be linearly dependent. By calculating each of
these terms we quickly find P(x) = z* — 1022 + 1.

Definition 2.4.5. Given a domain R, we define its integral closure as int(R) :=
intp(Frac(R)). R is said to be integrally closed if int(R) = R.

Remark 2.4.6. Any UFD must be integrally closed. Pick x = a/b € Frac(R) with a, b not
sharing any common factors. Suppose 2" + ¢,_12" "' + ... + ¢g = 0. Then, by substituting
x = a/b and multiplying both sides by b" we get ¢, 1" 'b + ... + cpb” = —a™ and so b
divides a™, but these two share no common factors, so b must be invertible. Hence, x € R.

Proposition 2.4.7 (Transitivity of integrality). Let A O B O C be rings. Suppose
A is integral over B and B over C. Then, A is integral over C.

Proof. Take a € A. Then, a is a root of a” + b,_1a” ! 4+ ... + bg = 0 for some b; € B.
Let R := Clbg,...,bp—1]. Then, R]a] is a finitely generated R—module, with generating set
{1,a,...,a™'}. But also R is a finitely generated C'—algebra and integral over C, so by
Proposition 2.4.2 R is a finitely generated C—module. Joining these two facts we have that
RJa] is a finitely generated C'—module, and thus by Proposition 2.4.2 integral over C. [

Remark 2.4.8. Any ring of the form L := int4(Frac(R)) is integrally closed. To see this,
note that
int(L) is integral over L; L is integral over A. (2.8)

Therefore, by Proposition 2.4.7 int(L) is integral over A. But int(L) C Frac(R). So it must
be that int(L) C L.

2.4.2 Number fields

Definition 2.4.9. A number field is a finite extension K/Q. We define its ring of
integers as

Ok =intz(K) ={z € K : P(x) =0 for some P € Z[x] monic}.

Notice that, if we take K = Q, then Og = Z. This shows why this object is called the
ring of integers of K, as it is a generalization of the ordinary integers. In general, the ring
Ok is not even a UFD. One of the simplest examples is K = Q(v/=5). It is not difficult to
show that Ok = Z[/—5|. In this ring we have two distinct factorizations of 6 as irreducible
elements, namely 6 =2 -3 = (1 4+ v/=5) - (1 — /=5). Soon, we’ll show that O can always
be extended in a reasonable way to become a PID. Besides not having unique factorization
of elements, Ok has the remarkable property of having unique factorization of ideals. This
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will be proven later. As an example, in Z[y/—5], the ideal generated by 6 can be decomposed
as the product of prime ideals

(6) = (2,1 +v=5)%(3,1 —/=5)(3,1 + V-5). (2.9)

For the remainder of this section, K will always denote a number field. We can define
a trace operator Try g : K — Q as in Definition 2.3.6.

Proposition 2.4.10. We have

(ii) The bilinear form (x,y) := Trg g(zy) is non-degenerate.

Proof. (i) Pick x € Of. For any embedding o € Homg(K, Q), the term o(z) is still integral
over Z (since o fixes Z). But then, Trg g(r) = >, 0(x) € Q Nintz(C) = intz(Q) = Z.
(ii) To prove non-degeneracy, pick x € K \ {0}. We need to find an element y such that
(z,y) # 0. Simply set y = 1/x. We have (x,1/z) = Trg/g(l) =3, 0(1) =3,1#0. O

Remark 2.4.11 (Basis of K). Any element o € K is algebraic, so we have its equation
ana" + ap_10"" 1.+ ap = 0. But then, by multiplying both sides by a”~*

n=" we have

(ana)™ + an_l(ana)"_1 + an_gan(ana)"_2 + .+ az_lao = 0. (2.10)

So ana € Ok. In particular, this tells us that any base {a1, ..., a,,} of the vector space K
can be rescaled so that each elements belongs to Og. Therefore, we’ll often pick bases of
K already contained in Ok without further remarks.

Proposition 2.4.12. Let {ai,...,an} € Ok be a basis of K. Then, there is an
integer d such that dOg C spang{aq, ..., an}.

Proof. Pick 8 € Og. Then, 8 =>" a;qa4, for a; € Q. Then, we have

b M a

—~ =
(o1, 8) (ar, 1) ... (an,an)] [a1
: = : : : (2.11)
(a’m /8) (arw al) cee (arm an) Qn
where M is the Gram matrix of the bilinear form (z,y) := Trg/g(zy). This matrix is

invertible and both M and b have integer coordinates by Proposition 2.4.10. If we set
d := det(M), we have

adj(M)b = adj(M)Ma = da. (2.12)
Therefore, df = > da;a; = > (adj(M)b);a; which is a combination of a;’s with integer
coefficients. O
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Proposition 2.4.13. Ok is a free Z—module of rank [K : Q].

Proof. Pick a basis {a1,...,an} C Ok of K, with n = [K : Q]. In particular it is a
linearly independent set of O, so rank(Of) > n. Now, by Proposition 2.4.12, {aq, ..., @, }
generates dOf, so rank(dOg) < n. But since Z is a domain, the map = — dx is a injection,
so rank(Og) = rank(dOk) < n. It remains to show that Ok is free. But notice that Ok is
a Z—submodule of the free module with basis {a1/d, ..., /d}. Since Z is a PID, it follows
that O is also free. O

We can generalize this to the following.

Proposition 2.4.14. Let M C K be a finitely generated R—submodule, R D Z.
(i) If R C Ok, then M is a free Z—module of rank < [K : Q],

(ii) Moreover, if R = Ok, then rank = [K : Q].

Proof. (i) Pick a generating set {z1, ...,z } of M. Since z; € K, there is an integer n; # 0
such that n;x; € Og. Set n := [[n;. Then, we have an injection

M < nM C Ok. (2.13)

That means M is free and rank(M) = rank(nM) < rank(Og) = [K : Q]. (ii) In this case
we also have an injection going the other way around. Fix a non-zero x € M, then

Og — Ogx C M, (2.14)
so rank(M) > rank(zOfk) = rank(Ok) = [K : Q] O

Remark 2.4.15. Notice that any Z—basis of O is a Q—basis of K. To see that, pick a
basis {x1, ..., 2 } of Ok. If there were a non-trivial relation > a;x; = 0 with a; € Q, then we
could multiply by a sufficiently large integer N to find a non-trivial relation > Na;z; = 0
with Na; € Z, which would be a contradiction. Therefore {z1,...,x,} is linear independent
in K, but also of cardinality n = [K : Q], so it must be a basis. As an example, consider
Q(7)/Q. Tts ring of integers is Og(;) = Z[i] which has a Z—basis {1,4}. This set is also a
basis for the vector space Q(%).
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2.4.3 Dedekind domains

Definition 2.4.16. We define the following.
(i) A local ring is a ring with a unique maximal ideal p,
(ii) A discrete valuation ring is a local ring where p # 0 that is also a PID,

(iii) A Dedekind domain is a Noetherian, integrally closed domain in which every
prime ideal is maximal.

This section aims to prove some relations between these three definitions and, in the end,
show that Ok is a Dedekind domain. Before that, we have to introduce the notion of ring
localization.

Definition 2.4.17. Let R be a domain, K = Frac(R) and U C R a subset (not
necessarily a subring!) closed under multiplication, with 1 € U and 0 ¢ U. We define
the localization of R at U as the subring

locy(R) :={a/b : ac R,be U} C K.

The intuition behind ring localization is that it is similar to the field of fraction, but we
only allow some elements to have a multiplicative inverse. So, for instance, loc{l}(R) =R
and locp o1 (R) = Frac(R). Localizations can also be defined for rings that aren’t domains,
but we will not need this level of generality. We have a natural inclusion i : R — locy (R)
given by i(x) := x/1. Under this inclusion, we have the following.

Lemma 2.4.18. We have a bijection

é: Prime ideals p C R
' withpNU =9

} = {Prime ideals q C locU(R)}

given by ¢(p) = plocy (R) and ¢71(q) = q N R.

Proof. Let p C R be prime disjoint from U. Let q = plocy(R). This ideal is proper
because otherwise, it would contradict the disjointness assumption. Let (aq/b1)(a2/b2) € q.
Then, there is a € p with ajas = abiby € p. Since p is prime, we may assume a; € p.
But then (a1/b1) € q, so it is a prime ideal. Conversely, let q C locy(R) be a prime
ideal and p = qN R. p is proper and disjoint from U because otherwise q would not be
proper. Pick ab € p C q. Since q is prime, we may assume a € ¢, but a € R also, so
a € qN R = p. It remains to check the inverses. We have ¢(¢~1(q)) = (9N R)locy(R) = q
and ¢~ (¢(p)) = plocy(R) N R = p. O
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Remark 2.4.19. This map still makes sense when considering an arbitrary ideal. In this
case, however, it is not a bijection. But we still have

(hN R)locy(R) =h (2.15)
for any ideal h C locy (R).

Given a prime ideal p C R, its complement U := R\ p is always closed by multiplication
and satisfies 1 € U, 0 ¢ U. The corresponding localization at U is so common that it has a
specific notation Ry, := locy (R).

Proposition 2.4.20. Let R be a domain and p C R an ideal. We have
(i) If p is prime, Ry is a local ring with unique maximal ideal pR,.

(ii) If p is maximal, R/p"™ is a local ring with unique prime ideal pR/p™ for all n > 1.

Proof. (i) Pick = ¢ pRy. Then, x = a/b with a,b ¢ p. So 271 := b/a € R, is an inverse
for z. So we have that x ¢ pR, = =z is invertible. Then it clearly is maximal since any
ideal I 2 pR, would contain an invertible element. Moreover if A is a maximal ideal, then
x ¢ pRy = x invertible = x ¢ A, so A C pR,, and by maximality A = pR,.

(i) Let 7 : A — A/p™ the projection. Let I C A/p" be a prime ideal. Then 7—(I) D p"
is also prime. But then a € p = a" € 7~ }(I) = a € 7~ 1(I). So p C 7~ 1(I). By maximality
p=n"1(I), hence I = w(p) = pR/p™. O

Proposition 2.4.21. Let R be a domain and p C R a maximal ideal. Then, the
natural map R/p"™ — R, /p" R, induced by the identity is an isomorphism.

Proof. We first show injectivity. If a € p"R,, then a = z/y with € p", y ¢ p. Then
ay =0 in R/p"™. Now, since R/p™ is local and y ¢ pR/p", it follows that y must be a unit
in R/p™. Therefore we may cancel it to get a € p".

Now we show surjectivity. Pick [a/b] € R, /p" Ry, a € p™, b ¢ p. Since p is maximal, (b)
and p are coprime. Thus (b) and p™ are coprime (see Proposition 7.0.2 in the Appendix).
Therefore there is some s € R such that bs — 1 € p™. Therefore the element sa maps to
[sa] = [bsa/b] = [a/b]. O
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Proposition 2.4.22. Let R be a domain. The following are equivalent.
(i) R is a discrete valuation ring,
(ii) R is Noetherian, integrally closed with a unique prime ideal p,

(iii) There is 7 € R such that any non-zero ideal is of the form (7*V) for some N > 0.

Proof. (i = ii) R is Noetherian because it is a PID; it is integrally closed because it is a
UFD (see Remark 2.4.6); it has a unique prime ideal because any prime ideal I is maximal
since R is a PID, and hence equal to the unique maximal ideal.

(ii = iii) Fix ¢ € p\ {0}. Given r € R with » Z 0 mod ¢ (for example, r = 1) we define

A :={z€R : zr=0 modc} CR. (2.16)

We may choose r such that A, is maximal among all the A,’s (otherwise we would have
A, € A, € ..., but R is Noetherian). Notice that A, is a proper (since 1 ¢ A,) non-
zero (since ¢ € A, and ¢ # 0) ideal. Now, A, must be prime, otherwise, given z,y ¢ A,
with 2y € A,, we would have A,, 2 A, (because z € A,,), which would contradict the
maximality of A,.

We'll prove A, = (¢/r). We have pr C (c), so p(r/c) C R is an ideal. If p(r/c) C p,
then (r/c) would be integral by Proposition 2.4.2 and thus r/c € R since R is integrally
closed. But then r = ¢(r/c) € (¢), which means A, = R, a contradiction. So p(r/c) Z p.
Now, if p(r/c) were proper, it would be contained in a maximal ideal different from p, a
contradiction, therefore p(r/c) = R, hence p = (¢/r). Set 7 :=¢/r.

Let I C R be a non-zero ideal. It must be that I C p = (7). Consider the sequence

ICrircn2rc.. (2.17)

If this sequence stays contained in R, then since R is Noetherian there must be IV such that
(= N=) = 77N = 7=N=1]. So 7! is integral by Proposition 2.4.2, and thus 7—! € R
since R is integrally closed. But this is impossible since 7 is not a unit. Therefore there
must be a maximal N such that 7=¥I C R. But then 7=NT ¢ () = p. Again, if 7=NT
were proper it would be contained in a maximal ideal different from p, so it must be that
7~ NI =R, thus I = (7).

(iii = 1) Clearly R is a PID with unique maximal ideal = (7) # {0}. O

Corollary 2.4.23. If R is a Dedekind domain and a local ring with a non-zero
maximal ideal p, then R is a discrete valuation ring.

Proof. Any prime ideal is maximal since R is Dedekind, and hence equal to p since R is
local. The result follows by Proposition 2.4.22. O

31



Lemma 2.4.24. Let R be Noetherian and p C R a non-zero ideal. Then p contains
a product of prime ideals.

Proof. Let 91 be the set of non-zero ideals that do not contain a product of primes. Suppose
by contradiction that 9t # &. We may pick a maximal element m € 9t (otherwise we would
have an infinite ascending chain m; C my C ..., but R is Noetherian). This ideal cannot be
prime, so there are z,y ¢ m such that zy € m. But then m + (z) and m + (y) are strictly
bigger ideals, so they contain a product of primes. Moreover (m + (z))(m + (y)) Cm. O

Proposition 2.4.25. Let R be a domain. The following are equivalent.
(i) R is a Dedekind domain,

(ii) R is Noetherian and Ry is a discrete valuation ring for all prime ideals p.

Proof. (i = ii) By Corollary 2.4.23 we must show that R, is Dedekind and local. It is
local by Proposition 2.4.20. First, it is Noetherian because, given an ideal a C R, we have
a= (RNa)Ry, so ais generated by the generators of R Na. To show it is integrally closed,
let a € Frac(R) and

Q"+ ep1a" M+ =0 (2.18)

where ¢; = a;/b; € Rp. Let b:= []; b;, then (ba)" + ben_1(ba)" ! 4 by = 0 is an equation
with coefficients in R, so since R is integrally closed, ba € R, which means a = b /b € R,.
Lastly, we must show that every prime ideal is maximal. Let ¢ C R, be prime and q C a C
Ry. Then, g N R is prime, thus maximal, contained in aN R C R, thus gN R =aN R. But
then g = (qNR)Ry, = (aNR)R, = a.

(ii = i) First, any prime ideal ¢ must be maximal since given a maximal ideal q C b, we
have the prime ideal qRy, C Ry. But Ry has a unique prime ideal (see Proposition 2.4.22),
so qRy = bRy. Hence q = qRy N R = hRy N R = h. It remains to show R is integrally
closed. Let = € Frac(R) be integral over R. Then, for all prime ideals p,  automatically is
integral over Ry, and hence x € Ry. Let a = {y € R : yx € R}. This is an ideal and for
any prime ideal p, we have z = ¢/d € R, with ¢ € R,d ¢ p, so d € a. That means a is not
contained in any prime ideal, so it must be that a = R. In particular, 1 € asox € R. [

We are now ready to prove that the ideals in a Dedekind domain factor into a product of
prime ideals. This, in fact, is equivalent to being a Dedekind domain, but we won’t need
this stronger result. A more complete characterization of Dedekind domains can be found
at [19].
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Theorem 2.4.26. Let R be a Dedekind domain. Then, every non-zero proper ideal
of R factors uniquely as a product of prime ideals.

Proof. (ii = iii) Let a € R be non-zero ideal. By Lemma 2.4.24, a D q := pi'..pS,
where the p;’s are distinct prime ideals. Each p; must be maximal since given a maximal
ideal p; C b, we have the prime ideal pRy, C Ry. But Ry has a unique prime ideal (see
Proposition 2.4.22), so pRy = hRy. Hence p = pRy N R = hRy N R = b. Since the p;’s are
maximal, we use Proposition 2.4.21 and the Chinese Remainder Theorem (see Theorem 7.0.4
in the Appendix) to get an isomorphism

o % X oo X an = Rg; X o X Rjg, (2.19)
qa P pr 91 gn

where g; := p;Rp,. Define a/q as the image of a in the map R — R/q. Now, the image
of a/q in the ith component is an ideal, and hence equal to g;*/g;" for some s; < e; since
Ry, is a discrete valuation ring. But this is also the image of b/q = pi'...p5"/q. Since this
map is an isomorphism, we conclude that a/q = b/q. But q is contained in both a and

b, so it must be that a = b = pi'..p5». To show uniqueness, pick another factorization
pit...pl» (where some exponents may be zero, to guarantee the factors p; are the same).
Then, both factorizations must map to the same components, i.e. g;'/g;" = g;'/g;*. Since
g;" is contained in both of g;* and g;*, they must be equal, so we conclude r; = s;. O

Dedekind domain
+ local ring

Dedekind Discrete
domain valuation ring

Noetherian +

integrally closed Local ring

Figure 2.1: Property relations for a ring R which is not a field.
A lower node X connects to a higher node YV if Y = X.

The important relations between the three definitions given in 2.4.16 is summarized in
Figure 2.1. We now return into the matter of the ring of integers O.

Proposition 2.4.27. The ring Ok is a Dedekind domain.
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Proof. Ok is a domain because K is. It is Noetherian because any ideal I C Ok is a
Z—submodule of Ok, which is free by Proposition 2.4.13, so since Z is a PID, it follows that [
is also free, and in particular finitely generated. It is integrally closed by Remark 2.4.8 (note
that K = Frac(Ofk)). Lastly, pick a prime ideal p C Ok and a non-zero class [a] € Ok /p.
Since a € O, there are cg, ..., c,—1 € Z with

A"+ cp1a” M+ =0, c¢o#0,n>0. (2.20)

The natural map Z — O /p has kernel p N Z, which is a prime ideal in Z, hence equal to
(p) for some prime p € Z. So we have an inclusion Z, — Ok /p, whose image corresponds
to the classes of integers. In particular, since Z, is a field, any integer coprime with p has
an inverse in O. Let ¢y be the first coefficient coprime with p (if no such N existed, then
[a] would be the zero class). We have

n—N-—1

V(@ N 4+ cp_1a +..4+cny)=0 mod p. (2.21)

Since p is prime, O /p is a domain, hence we can eliminate a” and multiply by the inverse

of ¢y to get

n—N-—1

—acy'(a +en1a” NP+ L+ eyg) =1 mod p, (2.22)

which is an inverse of a in O /p, hence it is a field, so p is maximal. Ul

2.4.4 The ideal class group

Definition 2.4.28 (Fractional Ideal). A fractional ideal J of Ok is a non-zero
Ok —submodule J C K such that rJ C O for some r € Ok.

Proposition 2.4.29. The set of fractional ideals of Ok forms an abelian group
denoted Jg. The operation is multiplication of ideals, i.e.

N
1J = {Zaibi ca; €l b€ J}
=1

and the identity element is Of.

Proof. The only non-obvious point is the existence of inverses. Since any ideal factors into
primes, it suffices to exhibit an inverse for a prime ideal p. Define

pli={rec K : ap C Ok}. (2.23)
First, we check that p~! is fractional ideal. Pick =,y € p~' and m € Ok. We have

mrp CmOk C Ok, (x+y)p Cap+yp C Ok + Ok = Ok, (2.24)
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soz +y,mz € p~t. Hence p~! is a Ox—submodule. Now, pick p € p \ {0}. By definition
pp~! C Ok, so p~! is a fractional ideal. It remain to show that the ideal pp~! is equal to
Ok. Since O C p~!, we have p C pp~! C Og. By maximality of p, either pp~! = Ok or
ppt =p.

Suppose by contradiction the latter holds. For all € p~', we have 2p C p, so «
is integral by Proposition 2.4.2, thus x € Ok since O is integrally closed. This means
p~! = Og. On the other hand, let y € p \ {0}. We have a factorization pi...p, = (y) C p.
Since p is prime, one of these factors, say, p1, must be equal to p (otherwise we would have
x; € p; \p with z1...x, € p, but p is prime). Now, pick b € pa...p, \ (a) (set b =1 if there are
no other factors beside p;). Then, b ¢ (a) but bp C (a). So b/a ¢ Ok but b/ap C Ok. Thus
b/a € p~t\ Ok. A contradiction, since we concluded earlier that p~ = Ok. Therefore, it
must be that pp~! # p, and therefore equal to O O

Any ideal of Ok is automatically a fractional ideal. Given ¢ € K, we have the principal
fractional ideal (q¢) = qOk = {qx : x € Og}. For example, in K = Q we have the principal
fractional ideal (1/2) = 3Z. The set of principal fractional ideals forms a subgroup of Jx
denoted Ix. The quotient group

Clg == Jk /I (2.25)

is an important invariant of a number field and is called the ideal class group. Informally
speaking, it measures how far the ring O is from being a PID. For instance, if O is a
principal ideal domain, Clg is the trivial group as any ideal (a) € Jx has an inverse (1/a).
The following are fundamental results in algebraic number theory. Their proofs are long
and technical but can be found at [31].

Theorem 2.4.30. The following hold.
(i) The ideal class group Clg is finite,

(i) The group of units O is finitely generated.

Remark 2.4.31. Oddly enough there often are infinitely many units in Og. For instance,
in K = Q(v/2), we have O = Z[/2]. The element v/2 + 1 has infinite order, but it also
has inverse v/2 — 1. The group of units is generated by {—1,v/2 + 1}, so O 2 7 x Zs.

We will now prove that Og can be extended to become a PID. Of course, the field K
is an example of such an extension. However, it is too big, in the sense that the group of
units K* is not finitely generated. We would like an extension that not only is a PID but
also has a finitely generated group of units.

Theorem 2.4.32. There exists a ring K O R O Ok such that (i) R is a PID and
(ii) R* is a finitely generated group.
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Proof. Let h := hy and let {I1,...,I5} be a set of representatives for the classes in Cl.
Pick u; € I; N Ok for each j and define u := [Ju; € NI;. Let S := {1,u,u?, ...}. The set
S is closed by multiplication and 1 € S, 0 ¢ S. Therefore, we can define the localization
R :=locs(Ok). We have O C R C K. We'll now prove R satisfies the desired properties.

(i) Let Igr € R be an ideal of R. Then, I := I N O is an ideal of Ok . Thus, we have
I = (a)l; for some 1 < j < h, a € K*. Now, notice that, since u € I}, then 1 € I;R, hence
I;R = R. We then obtain

Ir =1R = (a)l;R = (a)R. (2.26)
Therefore, I is generated by (a).

(ii) This is the hard part. It turns out that the set O U {u} C R* is not enough to
generate all units. In fact, R* = {divisors of u" in Ok with r > 0}. To show this, pick a
unit o/u® with inverse 3/u’. Then, aff = u*t. Conversely, pick a divisor a3 = u*. Then,
a(f/u®) = 1, so «a is a unit. Therefore, we must find a finite set of generators for the
divisors of u". Pick aff = u” and factor (u) = p7*..pJ.

(@)(B) = () = (u") = (u)" = pi""..pN"". (2.27)
By unique factorization of ideals we get
(@) =pit.pyy, with s; <ejr. (2.28)

By Lagrange’s Theorem, p? is the identity element on Clg, i.e. a principal fractional ideal.
Still, it also is an integral ideal, hence p? = (v;) for some 7; € Og. We write s; = qgjh +r;j
with 7; < h in Equation (2.28) to get (a) = [I; (fyj)qu;j. Thus, []; p;j = (v), where
v = all; ’y;qj . We then have the final decomposition

(@)= ()" ... (W)™ () = (O ) (2:29)

Since these two elements generate the same ideals in O, they must differ by multiplication
by a unit. So a = ~{"...74" ve, where € € O). This means we have the following generating
set of R*.

R* is generated by O U{u}U{y,....,7n} UT, (2.30)

where I' contains one generator ¢,,, . ,, for each set of indices r; < h such that the ideal
pi= j»vzl p;j is principal and p = (0, ry). The set I' is clearly finite and O is finitely
generated, hence R* is finitely generated. O

2.4.5 Valuations

Definition 2.4.33. Let R be a UFD and p € R a prime element. Any non-zero
x € Frac(R) can be written in the form p"a/b, where n € Z and p doesn’t divide
a or b. The number n is uniquely determined by x. Define the p—adic valuation
vp: R— ZU{oo} as
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Many problems in number theory have the nice property that they can be solved by
analyzing them "one prime at a time". That is, if one can prove a specific local version
of the problem concerning a prime p, the original, global version follows easily. This local
version often relates to valuations. For example, to prove a non-zero rational number ¢ € Q
is an integer, it is enough to show that, for any prime p € Z, we have v,(g) > 0. This exact
application will be used to prove the Nagell-Lutz Theorem in later chapters. Valuations
will also be used to finish the proof of the Mordell-Weil Theorem.

Proposition 2.4.34. A p—adic valuation satisfies the following.

(i) vlz)=00 <= =0 (ili) vp(z+y)>min(vy(x),vp(y))
(i)  vp(zy) = vp(x) +vp(y)  (iv)  vp(x) # vp(y) = vp(x +y) = min (vp(z), vp(y))-

Proof. Properties (i) and (ii) are clear. To show the other two, let © = p"a/b, y = p™c/d
where p does not divide a, b, ¢,d and k := min (m,n). Then,

n—k m—k
p"Fad + p cb
x—l—y:pk< o ) (2.31)

Since p does not divide bd, the valuation of the right-hand side has to be at least k. Moreover,
if m # n, then we may assume k = n and we have (z + y)/p* = (ad + p™ "cb)/bd.
The numerator of this expression is not divisible by p, so it has valuation = 0. Thus,
vp(z +y) = k. O

Proposition 2.4.35. Given a prime p € R and p := (p). We have

R, = {x € Frac(R) : vp(z) >0}, pRp, = {z € Frac(R) : vp(x) > 0}.

Proof. Let x € Frac(R). We have that x € R, if and only if = a/b with b ¢ p, which
happens if and only if v,(x) > 0. The other equality follows similarly. O

2.4.6 Dedekind zeta function

The last topic of this Section is the Dedekind zeta function, which can be seen as a gener-

alization of the famous Riemann zeta function ((s). Both are examples of what is called a

L—function. The Riemann zeta function is defined as

=01
s

C(s) =
n=1

In the second equality we've written its famous representation as an Euler Product. The
summation can be seen as iterating over all the non-zero ideals of Z (since Z is a PID, ideals

= I a-p7". (2.32)

n ?
p prime
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in Z are the same as integers). By this perspective, we can generalize ((s) to any number
field.

Definition 2.4.36 (Dedekind zeta function). Given a non-zero ideal I C Ok, its
norm is defined as NI = |Og/I|. The Dedekind zeta function is

()= e = I 0= ()

1#0 I prime

The Dedekind zeta function is meromorphic and convergent for Re(s) > 1. The quotient
Ok /I is always finite for a non-zero ideal, so the norm operator makes sense. It is also
multiplicative (i.e. NIJ = (NI)(NJ)). Given an ideal (n) C Z, it is clear that N(n) =
|Z/nZ| = n. Therefore, ((s) = (g(s). We can also consider the extension Q(7)/Q. Its ring
of integers is Og(;) = Z[i]. The Gaussian zeta function is then defined as (g(;)(s). Given an
ideal (1) C Z[i], we have by Proposition 2.1.5 that N(u) = |Z[i]/(1)| = |u|?>. The Gaussian
zeta function is also usually written as

1 1
pezli] P
u#0

Notice that the term 1/4 appears merely to avoid overcount, since each non-zero ideal (1)
has four generators, namely {+u, +iu}. Let’s find a more convenient formula for (g;) in
terms of the usual Riemann zeta function. We already know all the prime ideals in Z[i].
We have

1 1 2 1
So(5) = T II (1_pﬂ) II =T (2.34)
p prime p prime
p=4k+1 p=4k+3
I () T
- =l - — — (2.35)
1_2sppl"ime 1_ps p prime _p81+ps
p=4k+1 p=4k+3
M= 1I - Co(s)Llx, s) (2.36)
- - — = 6Q ,S). )
p prime —pF p prime 1- X(p)p 5
Here, x is an example of a Dirichlet character and is defined as
0 ged(n4) #£1,
x(m) =41 n=1, (2.37)

1 nZs.

Notice that this function is multiplicative. The term L(y,s) is called the L—function at-
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tached to the character y and is defined as

v x(n)

[T @—x(mp—)~" (2.38)

p prime
We know ((s) has a simple pole at s = 1 with residue 1. It turns out that L(x,s) is
convergent at s = 1, so this tells us (g(;)(s) has a simple pole at s = 1. We can also

calculate the residue explicitly.

Proposition 2.4.37. (g;(s) has a simple pole at s = 1 with residue equal to 7 /4.

Proof. We have

1

1 1 1
lE(S—l)C(S)L(XaS):L(X>1):1—§+g—§+§—~-:Z

This sum can be readily calculated by methods of calculus. More concretely,

Z2n+1 Z/ ndx_/z

n>0

1
= 7/4.
0

1 1
"d:c = / — —dx = arctanz
o 1+ x2

In the second equality we used the Dominated Convergence Theorem to exchange integral
with summation. O
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Chapter 3

Elliptic curves

Elliptic curves are abstractly defined as smooth projective curves of genus 1 with a specified
point (often called O). As a consequence of the Riemann-Roch Theorem (see [35, Section
I11.3]), any elliptic curve E over a field of characteristic zero can be written as the vanishing
set of a single homogeneous equation in three variables

v’z = 23 + A2’z + Ba2? + C25. (3.1)

Notice that the only point outside the affine chart z = 1is [0 : 1 : 0]. Such an equation
is called a Weierstrass equation. An elliptic curve given by such an equation is said to be
in Weierstrass form. The point [0 : 1 : 0] is usually denoted O. For this work, we are
interested in the arithmetic aspects of elliptic curves, thus we consider only the case where
the coefficients A, B, C are integers. By dehomogenizing (3.1), we arrive at the following
definition.

Definition 3.0.1. An elliptic curve E in Weierstrass form is the set of complex
solutions to the equation

E:y*=F(z) =2®+ Az> + Bx + C,

together with a "point at infinity" O, where F'(x) € C[z] has distinct complex roots.
Moreover, we say E is defined over R, for some ring R C C, if F/(z) € R]x].

In this work, the term elliptic curve will always mean an elliptic curve in Weierstrass form.
Also, unless stated otherwise, all elliptic curves will be assumed to be defined over Z. The
condition that F'(x) must have three distinct complex roots is equivalent to the curve being
smooth. If we plot the real points E N R2, the image will be like one of the two curves in
Figure 3.1.

As we said in the Introduction, a surprising property of elliptic curves is that the set of
rational points

E(Q):= ENn(Q*U{0}) (3.2)
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Figure 3.1: Graphs of elliptic curves.

forms an abelian group, where O is the identity element. The group law is a consequence
of Bezout’s Theorem: given two distinct points P,Q € FE(Q), the unique line L passing
through P and Q) must intersect F at a third point H. Since P, () are rational points and FE
is given by rational (in fact, integer) coefficients, it follows that H must be a rational point
as well. When P = @, we can still find a point H in the same way, by taking the line L as
the tangent line at P. The group structure is then described as follows: (i) the point O is
the identity element, (ii) the inverse of a point H = (hy, he) is defined as —H := (hy, —ha),
(iii) the group operation is P & @ := —H. The group law is explained geometrically in
Figure 3.2.

Consider any subfield K C C. We denote by E(K) := E N (K? U {O}) the set of
K —rational points of E. The same procedure just described still works for the field K,
and thus E(K) also forms an abelian group. In particular we have the chain of subgroups
E(Q) C E(K) C E(C). In this work, we are interested in F(Q), F(C), and F(K) when K
is a number field. Since the group law is defined as intersections of lines and curves, we can
find explicit formulas for it in terms of the coefficients A, B, C' appearing in the equation
for F and the coordinates for P, Q:
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P : :
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P& Q :
\:P\@Q
Addition when P # Q. Addition when P = Q.
y/./
P
X
\.@\
When P = (@ is an inflection When P = —(@Q), the line L is a vertical

point, P& Q = —P. line, passing through O at infinity.

Figure 3.2: The group law of an elliptic curve.

Proposition 3.0.2. Let E be an elliptic curve defined over K, where K C C is a
subfield. Then, (E(K),®, Q) is an abelian group. The group law is defined as follows.
Let Pi, P» € E(K) \ {O} be K—rational points, P = (x1,91), @ = (22, y2).

(i) The inverse operator is —P := (x1, —y1).

(ii) For P # —Q, we write P ® Q = (x3,y3) with

3 =u?— A — 11 — 29, . (y2 —y1)/ (22 — 1) it P#Q,
Y3 := uxsz + (y1 — ury), © | (B2} 4+ 24z, + B)/2y1 if P=Q.
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n times

—_——
We write nP to denote P @ ...® P. Given P = (z1,y1) € E(Q) \ {O}, the formula for
2P = (x2,y2) is often called the duplication formula and is written below.

zo=u?—A—2x1, o = uwe + (y1 — uwy). (3.3)

Notice that P,Q,H € E(Q) \ {O} are collinear points if and only if P& @Q = —H, or, in
other words, P & @ & H = O. This is a particular fact about elliptic curves in Weierstrass
form, i.e. given by equation (3.1).

Proposition 3.0.3. Let E be an elliptic curve and P,Q, H € E(C). Then,

Po@Qae H=0 < P,Q, H are collinear.

Proof. If P,Q,H # O, this is evident by the definition of the group law. If, say, P = O,
then () = —H, thus they have the same x coordinate, say, x¢. Then, the line parametrized
by ¢ : P! — P3 ¢(a,b) := [xob : a : b] clearly passes through P,Q and O = [0: 1 : 0. O

We now prove some general useful facts about elliptic curves. Let v, : Q — Z U {oo} be
the standard p—adic valuation defined in 2.4.33. It turns out that the Weierstrass equation
imposes a tight condition on the valuation of the coordinates of a rational point.

Proposition 3.0.4. If v,(x) < 0 or v,(y) < 0, then there is some r > 1 such that
vp(z) = —2r and v,(y) = —3r.

Proof. First of all, suppose that v,(y) < 0. Then, 0 > 2v,(y) = v,(y*) = vp(a®+ Az*+ Bx+
C) > min (v, (23), vp(A) + vp(22), vp(B) + vp(x), vp(C)). Since v,(A), v,(B),v,(C) > 0, this
can only be true if v,(z) < 0. So we’ve reduced the problem to the case where v,(x) < 0.
In this case, we have an equality 2v,(y) = v,(2%) = 3v,(x) since v,(x3) is strictly less than
vy(Az? 4+ Br + C). So, there must be some r > 1 such that v,(y) = —3r and v,(z) = —2r.
And this completes the proof. O

Corollary 3.0.5. Let E be an elliptic curve and P = (x,y) € E(Q). Then, there are
a,b,c € Z, ¢ # 0, such that

(z,y) = (a/c*,b/c?), ged(a,c) = ged(b,c) = 1.

Proof. Write (x,y) = (a/c1,b/c2), both in lowest terms. Proposition 3.0.4 says that any
prime dividing ¢; or co must occur exactly 2r times in ¢; and 3r times in cy. This means
there is some integer ¢ such that ¢; = 2, c0 = 3. O
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We now discuss the discriminant A of the polynomial F'(z), which is given by
A= —4B3% —27C? —4A3C — 27C? + 18ABC + A’B>. (3.4)

As we know, F(x) has three distinct complex roots if and only if A # 0. A classic formula
relates the discriminant of any polynomial to the resultant of itself with its derivative,

(_1)n(n—1)/2

A= Res(F, F'), (3.5)

Gnp
where n is the degree of F'(x) and a,, the leading coefficient. In our case, a, = 1 since F(x)
is monic, and n = 3, thus A = —Res(F, F’). It is a standard fact that the resultant of two
polynomials belongs to the ideal generated by them. Therefore, there must be a way to
write A as a combination of F' and F”.

H(z)F(z) + S(z)F'(z) = A. (3.6)

It is not difficult to find explicit formulas for H(x) and S(x). To understand the calculations
better, it’s a good idea to write F(z), F'(x) as general polynomials. Let

F'(z) = @*+ qx+ q, H(z) = hixz+ ho,
F(z) = p3ad+paa® +piw+po, | S(@) = se?+ s12+ so.

The equality H(z)F(x)+ S(x)F'(x) = A translates to a linear system on the coefficients.

St w
—~ =

po 0 q O O] [ho
pr po @1 q Of [
P2 P1 q2 q1 qo| [Vo| =
ps p2 0 @ ¢ |n
0 ps 0 0 gof [v2

= Aela

oo oo P>

where e; is the canonical base vector. The matrix S* on the left-hand side is precisely the
transpose of the Sylvester matrix S of F' and F’. By definition, Res(F, F’) = det(S). We
can then multiply by the cofactor matrix cof(S) to obtain

Res(F, F')w = cof(S)S'w = cof(S)Ae; = —Res(F, F')cof(S)e;. (3.7)
Since Z is a domain, we may cancel Res(F, F’) on both sides to obtain w = —cof(S)ey.

So the coefficients of H(x) and S(z) are precisely given by minus the first column of the
cofactor matrix of S. By calculating this term we obtain the following.

Proposition 3.0.6. There are H(z), S(z) € Z[x] such that
(i) H(z) = (18B — 6A%)z + (15AB — 27C — 4A3),
(i) S(x) = (242 —6B)2? + (9C + 243 — TAB)x + (A?B + 3AC — 4B?),
(iii) H(z)F(z)+ S(z)F'(z) = A.

44



The last topic in this section is reductions. Let E : y?> = 3 + Ax® + Bx? + C be an
elliptic curve, p a prime number and g = p" for some r > 1. Since A, B, C are integers, we
can define the set

E(F,) :={(z,y) €F, : y* = 2® + Az® + B2* + C} U {0}, (3.8)

where F, is the finite field of ¢ elements, and the coefficients A, B, C' are taken modulo p.
This set is known as the reduction of E to the finite field F,. This defines a new algebraic
curve, now over the field IF,;, which can have singular points or not. If it is singular, we call
the prime p a bad prime, if not, we call it a good prime. It is not difficult to prove that a
prime is bad if and only if it divides A.

We’ll sometimes consider the set

E(Fg)ns :={P € E(F;) : P is non-singular}. (3.9)

This set will always be an abelian group, regarless if the underlying curve is singular or
not. Its group law can be calculated in the same way as in Proposition 3.0.2. If the curve
is non-singular, then E(F;) = E(F;)ys is a group and is called an elliptic curve over Fy.

3.1 Elliptic functions

Elliptic curves are closely related to the notion of elliptic functions. In this section, we
define them and investigate some of their properties. From now on, we call a set A a lattice
if it is any set of the form

MZ + AoZ C C, (3.10)

where A1, Ay € C are linearly independent over R.

Definition 3.1.1. An elliptic function f : C — CU {oco} with respect to a lattice A
is a meromophic function that is doubly periodic, that is, f(z+ ;) = f(z) fori =1, 2.

The doubly periodic property is clearly equivalent to f(z + \) = f(z) for all A € A. From
now on, we will not mention the lattice A unless there is potential for confusion. The
following result shows why we require the function to be meromorphic.

Proposition 3.1.2. Any holomorphic elliptic function is constant.

Proof. Let f be such a function. It must attain a maximum at the compact parallelogram
P = {al +bX2 : 0 < a,b <1}, ie. there is some constant M > 0 with |f(z)| < M
for all z € P. But since f is invariant under translation by Aj, A2, the constant M is a
global bound. Hence f a bounded holomorphic function and thus constant by Liouville’s
Theorem. O
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There are no simple examples of elliptic functions. The simplest ones are expressed as

infinite sums of the form ]

fn(2) = AEZA iy " > 3. (3.11)
These functions are clearly doubly-periodic and can be shown to converge uniformly in
compact sets outside A, and thus define a holomorphic function in C \ A. It becomes a
meromorphic function upon checking the points in A are poles (and not essential singulari-
ties). The same formula doesn’t work for n = 1,2, since the corresponding function is not
convergent. However, it is possible to include correction terms to ensure convergence. We
arrive at

1 1 1 1 1 z
o) =st Y L=ty L2 g
z (z—A) A z AeA\{o}z+)‘ A A

These are called, respectively, the Weierstrass p function and the Weierestrass zeta function.
The function g(z) is the most important example of elliptic function. In fact, although we’ll
not need this result, any elliptic function can be written as a rational function in p(z) and
©'(z). The proof of convergence of g is very similar to some calculations we’ll do in the last
chapter, so it was included below. The function ((z) is not an elliptic function, for it is not
doubly periodic. However, it satisfies the property

Clz+\) — C(2) = 2C(A/2), VA ¢ 2A. (3.13)

In other words, it is doubly periodic up to a term that depends only on the lattice points.

Lemma 3.1.3. The series 1

> v
AEA\{0} A

converges absolutely for k& > 2.

Proof. Here, we separate the sum into two parts. We have

1 1
Z NS Z k
AEA{0} Ry (m,n)2(0,0) [mA1 + nAs|
= > (+ Y ().
(m,n)#(0,0) |m|<|n|
|m|>|n|

We’ll show the first term converges. The convergence of the second term is analogous. Let
L C C be the compact line segment connecting A\ and Ay + As.

1
Y
(ma2(0) MAL T 1A

[m|=[n]
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1

= Z Z % (Change indexing)
méaN O} pigm) AT
(m,n)#(0,0)
1 1

(Extract m)

= 2 2 mk [\ + (n/m) Ak

meZ\{0}  [n|<|m]|

(m,n)#(0,0)
max |L|7*
< Z Z — (n/m < 1,80 A1 + (n/m)Ag € L)
mez\ {0} Inl<fm] "
(m,n)#(0,0)
LI7%)(2m +1
< Z (max | L| 11( m+1) (Inner sum does not depend on n).
mezA {0} m
The summand is O(m*~1) with k > 2, so it converges. O

Proposition 3.1.4. The Weierstrass p function is meromorphic with poles of order
2 at each point in A.

Proof. We first show the sum converges uniformly on compact sets outside A. Let K C C
be some compact set with K N A = &. Let R = sup |K|. We have the following bound for
AeA\{0} and z € K.

A‘_ A
2 M Nz —1] A1)

which goes uniformly to one as |A| — oo (since K is bounded), so there must be some
constant M > 0 with |z — A| > |A|/M. With this, we can bound the summand on p.

1 1 z2(2X — 2) RM(2|A\+ R)  RM(2+ R/|)|)
G=N? 2|7 RE-ap DY VR

<

This term is of order 3 on A. Convergence is thus a consequence of Lemma 3.1.3. This
ensures g is holomorphic on C \ A. To show A consists of poles of order two, simply
note that inside any region A containing a single lattice point A, we may remove the term
1/(z — \)? from the summation to obtain a holomorphic function f on A\ {\}. Then we
have |, = f + 1/(z — A\)? which is meromorphic with a pole of order two at z = . O

Proposition 3.1.5. The Weierstrass g function has the following Taylor expansion
at z = 0, with radius of convergence r = min {|A\| : A € A}.

1 1
0(2) = 5 + > 2n+1)Gony22™, Gni= >, —.
SRS AEA\{0}
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Proof. For |z| < r, we have |z/A| <1 for all A € A. We use the Taylor series

(1 ) Z nz™ b (|z| < 1) (3.14)

to arrive at

1 1 1 1 s
e (e AR

n=1

We then get
Z Z(n +1)(z/N)" = Z(n +1)Gp2"
AeA\{0} n=1 n=1

Here we exchanged the order of summation, which is allowed since everything converges
absolutely. Notice that G,, = 0 for odd n by symmetry of the lattice. Thus we only need
to consider n > 2 even. This completes the proof. O

Note that elliptic functions form a vector space. Moreover, if f is some elliptic function,
then f’ also is. Using this and the Taylor series we’ve just calculated, we arrive at the
connection between @(z) and elliptic curves.

Proposition 3.1.6. The function p(z) satisfies the functional equation

0 (2)? = 4p(2)® — 60G4p(2) — 140Gs.

Proof. Around z = 0, we expand the constant term and the non-holomorphic part of the
following Taylor expansions.

p(2) =272+ (...), (3.15)
0(2)% =275 4+9G4272 +15G4 + (...), (3.16)
O (2)% =427 — 24G427% — 80G, + (...). (3.17)

From this, we can see that ¢/(2)? — 4p(2) + 60G4p(2) has no poles, and hence is a holo-
morphic elliptic function. By Proposition 3.1.2, it must be constant and thus equal to the
constant term of its Taylor expansion, which is —140Gg. This completes the proof. OJ

An important consequence of Proposition 3.1.6 is that it gives us a mapping ¢, from the
torus C/A to the elliptic curve Ej : y%z = 23 — 15G422? — 35G¢2> defined by

[p(2) : 2¢'(2) : 1] if = ¢ A,

[0:1:0] if z € A. (3.18)
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It is also possible to construct a map in the other direction, first consider any elliptic curve
E C C. Choose any basis {d1,d2} of Hi(E,Z) and define the lattice A = Z [5 2dz/y +
Z [5,2dz/y. Then, we have a (well-defined) map ¢ : E' — C/A given by

-
V(P) = /O 2y, (3.19)

The surprising fact is that these two maps admit a lot of strucutre and are inverses of each
other. This establishes a correspondence between complex tori and elliptic curves and is
known as the Weierstrass Uniformization Theorem.

Theorem 3.1.7 (Weierstrass Uniformization Theorem). Given any lattice A and
any elliptic curve E, the maps ¢ and g are an isomorphism of Riemann surfaces
and also group isomorphisms (when considering the natural structure of C/A as an
additive group) with inverses

(o0) ' =vmy, (WE)" = da,.

3.2 The Hasse-Weil L—function

L-functions (sometimes called zeta functions) are meromorphic functions that appear in a
plethora of different contexts in mathematics. The simplest example is the Riemann zeta
function ((s). In Section 2.4.6 we saw the zeta function (g (s) associated to a number field
K. Given a additive character x : F,, — C, there is a way to build a L-function L(x, s)
(which, in particular, was used by Dirichlet to prove there are infinitely many primes in any
arithmetic progression an + b, where ged (a,b) = 1). There are also L-functions associated
to modular forms, elliptic curves, and many more mathematical objects. Some of these
functions are related to very important unsolved problems including the Langlands Program,
the Riemann Hypothesis, and the BSD Conjecture. There isn’t a formal, all-embracing
definition of L-functions, although there are works which try to come up one [14].

One remarkable property of L-functions, at least for those associated to algebraic ob-
jects, is that their Laurent expansions are often closely related to important algebraic in-
variants of the original object. The simplest case is that of (x (S). We saw that (g(; (s) has
a pole at s = 1, but it turns out this is the case for any number field K, and the residue at
that point can be expressed as product of various important invariants of K, including its
class number. More explicitly,

21 (2m)"2 Rych

Vil

This formula is known as the analytic class number formula, because it relates the class
number hg, an algebraic quantity, to the residue of a meromorphic function, an analytic
quantity. We won’t delve into what these symbols mean, but rather use this equation as an

(3.20)

lim (s — 1)Ck (5) =
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example of how one can recover algebraic information by analyzing the corresponding L-
function. Given an elliptic curve E, we’ll later properly define L(E, s). There is an analogous
(conjectural) analytic class number formula for L(E,s), known as the BSD Formula. The
validity of this formula is one of the stronger versions of the BSD conjecture, which we
won’t discuss further in this work. In Chapter 6 we’ll see how L(E, s) is related to a very
important invariant of F(Q) known as its rank.

In this section we simply aim to define L(E, s). Informally, we want to clump together
information about E(F) for each finite field F' into one big meromorphic function. As
pointed out by John Baez in a great blog post [2], often in expository works L(FE,s) is
defined in a confusing and obscure way. To avoid this, we’ll first build a series of different
L-functions which get more and more refined.

Definition 3.2.1. Given a sequence N = {N,},>1 of complex numbers, define its
associated zeta function as the formal power series

oo N, © n
C(N,T) :=exp <Z TT> , where exp(u) := Z
r=1 r n=1

‘ IS

[

3

From the definition it is clear that if M, N are sequences of complex numbers,

C(M + N,T) = (M, T)¢(N,T). (3.21)

Proposition 3.2.2. Let A = {ya" },>1, where a € C, v € Z. Then, ((A,T) converges
to (1 — aT) ™" with radius of convergence > |a| 1.

Proof. Here we simply use the Taylor series > 2" /r = —log (1 — ). We have
o
C(A,T) = exp (7 Z(O@WT) = exp(—ylog (1 —aT)) = (1—aT)".
r=1

The radius of convergence for the Taylor series is 1. Therefore this equality holds for
IT| < |a|~!. This completes the proof. O

Corollary 3.2.3. For all , 3,z € C with |z| < min (|71, |8]71),

C{a" = B"rz1,2) = (1= B2)/(1 — a2).

Proof. Simply apply Equation (3.21) followed by Proposition 3.2.2. O]
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Let E be an elliptic curve. The first step is to construct what is called the Hasse-Weil
zeta function ((E,s). It is built by taking the product over local zeta functions (,(E, s)
for each prime p, which in turn are built by packaging information about E(F,-) for each
r > 1. Therefore, ((E, s) contains information about E(F') for every single finite field F'.

Definition 3.2.4. Let p a prime number. Define the local (Hasse-Weil) zeta function
associated to (F,p) as

G, 5) == CAEFy )bzt p™*) = exp (i #E(Fp”p‘“) |

r=1 r

Definition 3.2.5. Define the Hasse-Weil zeta function associated to E as

C(E,s) := H G(E,s).

prime

The function ((F,s) is almost the L—function of E. To motivate the last upcoming
modification, consider the following table of point counts for the curve E : y?> +y = 23 + x
(which, even though it is not presented in Weierstrass form, is still a smooth curve of genus
1 and thus an elliptic curve).

T ‘ 1 2 3 4 5 6 7 8 9 10 11 12
212 4 8 16 32 64 128 256 512 1024 2048 4096
#E(Fy) |5 5 5 25 25 65 145 225 545 1025 1985 4225

Table 3.1: Point counts for E : y? +y = 2% + x, taken from [2].

Notice that the point counts for finite fields For seem to be almost equal to 2" minus a
"correction term". This pattern in fact occurs when counting the number of points of any
elliptic curve over any finite field (i.e. #E(Fp,r) is p” minus a small correction term). It
would then be a good idea to extract out the "predictable" part and keep only the correction.
That is essentially L(E, s). The only difference is that, for abstract reasons, it will be better
to extract the term p” 41 instead of p”. Let’s actually calculate it. We define the correction
term as

cp(E,r) =p" +1—#E(F,). (3.22)
We have
C(E,s)
= H (B, s) (Definition of ¢(E, s))
p
= H CH#E )} p~°) (Definition of (,(E, s))
p
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H ({p" +1+c(E,7m)},p7) (Definition of ¢,(E,T))

H {p"}p7°) - C{1},p77) - C{ep(E, 1)}, p77) (Equation (3.21))
H 1 - )_IC({Cp(Evr)}ap_s) (Proposition 3.2.2)
D

= (s~ HC {ep(E,m)}p7%) (Euler Product (2.32)).

The remaining terms on the product will be taken (for historical reasons) to be the reciprocal
of the local L—function L,(FE, s).

Definition 3.2.6. Let p be a prime number. Define the local (Hasse-Weil)
L—function associated to it as

Ly(E,s) =1/C({cp(E,r)}r>1,p" ") = exp (— i Wp‘”) :

r=1 r

Definition 3.2.7. Define the Hasse-Weil L—function associated to E as

I Lu.(E.s).

p prime

We then get the correspondence between the zeta function and L—function of E.

C(s = 1)¢(s)
L(E,s)

The function L(E, s) can be shown to converge for Re(s) > 3/2, thus (since it is a power
series on p~*) defining a holomorphic function on the corresponding domain. It turns out
that L(E,s) admits a meromorphic continuation to the whole complex plane. This was
proven by Deuring [11] for curves that admit what is called "complex multiplication". The
general case is due to the Arithmetic Modularity Theorem [12]. Thus, it makes sense to
talk about the order of vanishing of L(F,s) at s = 1. As we’ll discuss in future chapters,
this number turns out to be closely related to important invariants of the elliptic curve, and
understanding this relation is what the BSD Conjecture entails.

To construct explicitly the meromorphic continuation is not an easy task. In Chapter 6
we’'ll build a continuation to Re(s) > 1/2 for a specific family of elliptic curves. This will
allow us to explicitly compute L(F,1) and produce tangible, numerical evidence for the
BSD Conjecture.

C(E,s) = (3.23)
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Chapter 4

The rank and the Mordell-Weil
Theorem

Notation 4.0.1. In what follows, we let E : y?> = F(x), with F(z) = 2% + A2? +
Bz + C, be an elliptic curve with A, B,C € Z and ey, e2, eg the roots of F(x). We
write A for the discriminant of E. Define @ := Q(eq, €2, e3), i.e. the splitting field of
F(x) over Q.

We begin our study of the group E(Q) with the fundamental result by Mordell, which
was later generalized by Weil to E(K), where K is an arbitrary number field [44].

Theorem 4.0.2 (Mordell-Weil). The group E(Q) is finitely generated.

Our proof will be based on the book by Knapp [21] and is essentially elementary, requiring
some algebraic number theory only at the last step. For a sketch of the original proof by
Mordell, see [30]. The theorem still holds when considering the group E(K), where K is
a number field [35]. In this case, the argument requires a more refined knowledge of the
theory of heights.

As a consequence of the Fundamental Theorem of Finitely Generated Abelian Groups,
Theorem 4.0.2 implies that E(Q) is of the form

E(Q) =7 S E(Q)tors- (41)

The term E(Q)tors is a finite group called the torsion subgroup of E(Q). Surprisingly, there
are only 15 possibilities for F(Q)iors and it can be computed explicitly in finite time. A
complete description of such an algorithm will be given in Chapter 5. The value r is much
more elusive and is called the (Mordell-Weil) rank of the curve E. Currently, there is no
general algorithm for computing r, and many simple questions about its nature remain
unanswered. For example, we do not know which values of r can exist, or whether or not
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there are elliptic curves of arbitrarily high rank. Much research is done on finding elliptic
curves of high ranks. Currently, the largest known rank is > 29 and was discovered by Elkies
(see [13] for an extensive list of rank records). The rank r is also related to the famous BSD
Conjecture, which will be discussed in Chapter 6. In Section 4.3, we’ll see an algorithm
called descent by 2—isogeny that calculates lower and upper bounds for r, i.e. numbers
a,b such that r € [a,b], provided F(Q) has a point of order 2. When a = b, which is not
uncommon, this pinpoints the exact value of r. There are also other more sophisticated
methods of descent [40, 24].

Proving Mordell-Weil is an extensive task, so it is fruitful to give a quick sketch before
we proceed. The main tool is the Descent Theorem (for a proof, see Section 7.2 of the
Appendix), which relies on the notion of a height on an abelian group.

Definition 4.0.3 (Height). Let G be an abelian group. A height of G is a tuple
(h,s, k), where h,s : G — R and k > 0, satisfying

L h(z +y) < 2h(z) + s(y),
2. 4h(z) < h(2z) + k,
3. {x : h(zx) < M}| < oo for all M > 0.

Theorem 4.0.4. (Descent Theorem) Let I' be an abelian group. Then, the following
are equivalent.

1. T is finitely generated,

2. T admits a height and |T'/2T| < oc.

The problem is reduced to (i) finding a height for E(Q) and (ii) proving |E(Q)/2E(Q)| < oo,
which turns out to be much easier than finding actual generators for £(Q). Item (ii) is known
as the Weak Mordell-Weil Theorem. Currently, the only known proofs of the Mordell-Weil
Theorem are through this method. We now give a rough sketch of the next steps.

(I) Construct a height (h, s, k) for the group E(Q). This is the only step that cannot be
easily generalized to an arbitrary number field.

(IT) Show that the finiteness of E(Q)/2E(Q) follows from the finiteness of E(Q)/2E(Q)
(where @ was defined above as the splitting field of F'(x)).

(ITI) Construct a group homomorphim ¢ : E(Q) — G for some group G, such that ¢ has
finite image and Ker(¢) = 2E(Q).
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4.1 Contructing a height for F(Q)

Theorem 4.1.1. E(Q) admits a height (h, s, k) where

log H(x) if P = (z,y);

. oo Ha/b) = max (Jal, ).

h(P) := {

where ged (a,b) = 1.

Proof. We show h satisfies the three properties in Definition 4.0.3. First, property 3 is
evident: given a constant K > 1, there are only finitely many rational numbers z = a/b,
ged (a,b) = 1 where H(z) = max (|al, |b]) < K. Moreover, for each possibility of x, there
are only two possibilities for y, namely ++/F(x).

We now show property 1. Pick points P; = (z;,y;) for i« = 1,2, 3 such that Py & P, = Ps.
Write (z,v;) = (a;/c?,bi/c}) with ged (a;,¢;) = ged (b, ¢;) = 1. Assume first P; # +P.
By the addition formula

Y2 — Y1 2
xIr3 = () — 1 — X9 — A. (4.2)
T2 — T
We expand this expression in terms of a;, b;, ¢; obtaining
(aras + Bc2c3)(a1c 4 azc?) + 20cich — 2bycrbacy — A(arc3 — aoc?)?

3 (@163 — agc})? (4.3)

The denominator and numerator may not be in lowest terms, but at least this is an upper
bound on the height. We therefore have

H(x3) < Kimax (Jai], |i], [bre1]), (4.4)

where K is the expression depending on P, and the coefficients of F(x) that appears after
we extract the terms aj, by, c¢;. The only remaining issue is the term |bjci|. We use the
equation of the elliptic curve to get

b2 = ad + Ad?c? + Baycl + O, (4.5)
Therefore, by the same logic as before, for some constant K5 we have
b1| < Komax (Jag |2, |e1?). (4.6)
We now put together Equations (4.4) and (4.5) to get

H(zs) < Kymax (|a1]?, |e1]*, |e1] Ko max (|a1 2, |e1]?)) (4.7)
< K1 Kymax (|ag]?, [ea|*, eray’|)

= K1K2 max (\a1]2, ‘01‘4) = KlKgH(xl)z.
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Define K (P») := log K;+log K». By taking log on both sides we get h(P3) < 2h(Py)+K(Py).
We assumed P; # +P, for this bound. If P» = —P; the bound is automatically true. Let
P, = Py, we clearly have h(2P;) < 2h(Py) 4+ h(2P;). Therefore, we get the desired bound
for any P» by setting s(P2) := max (K (FP2), h(2P)).

The last step is to show property 2. This is the hardest part. Fix P; = (z1,¥1) and
Py, = (z9,y2) = 2P;. By the duplication formula we have

r} — 2Bx? — 8Cx + B? — 4AC
4(z3 + Az? + Bz + C)

T = (4.10)

We define H(z, z), S(z, z) as the homogenization of this ratio, i.e.
H(z,2) = 2*—2B2?22 —8Cz23 —4AC2*, S(z,2) := A(2®2+Az? 22+ Bx2> +Cz%). (4.11)

Let 1 = a/b in lowest terms. We have that xo = H(a,b)/S(a,b). The cancellation between
numerator and denominator of this expression is precisely the greatest common divisor
0 = ged (H(a,b),S(a,b)). It turns out that, in Q[z,z], H and S are relatively prime.
Therefore, we must have fi, fa, g1, go such that

fH —qS =4A2",  foH — oS = 4Ax". (4.12)

Evaluating formulas for these polynomials using the Euclidean algorithm we see that they
all have degree at most 3 in each monomial (see [35, page 222]). By (4.12), we see that §
divides 4A ged (a7, b7) = 4A. Hence,

max (|H(a, b)],|S(a,b)[) | max (|H(a,b)|,|S(a,b)])

H(x2) = 5 > 1A (4.13)
Now we do a series of inequalities.
4|AD7|
< |fi(a,b)H(a,b)| + |g1(a,b)S(a,d)| (Equation (4.12))
< 2max (|f1(a,b)|, |g1(a,b)|) max (|H(a,b)|,|S(a,b)|) (Bound by the maximum)
< 2K;max (|af?,|b]*) max (|H(a,b)],|S(a,b)|) (All monomials have deg < 3 in fi, g1).

The constant K7 depends only on the coefficients of f;, g;. By the same argument we get an
analogous inequality for 4|Aa’|, now involving a constant K. Define K := max (K71, K).
Joining both inequalities we have

4|A| max (|al", [b7) < 2K max (|a|?, |b*) max (| H (a,b)], |S(a, b)) (4.14)
Therefore, using expression (4.12) for H(x2) we get
H(xz) > (2K) ' max (|al*, [b]!) = (2K) " H (21)™. (4.15)

Define k :=log 2K . By taking log on both sides we finally get h(z2) + k > 4h(x1). O
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4.2 The Weak Mordell-Weil Theorem

The goal of this section is to prove the Weak Mordell-Weil Theorem.

Theorem 4.2.1 (Weak Mordell-Weil). E(Q)/2E(Q) is finite.

The proof will proceed in a series of steps. First, we reduce the problem to the group E(Q).

Proposition 4.2.2. If F(Q)/2E(Q) is finite, so is F(Q)/2E(Q).

Proof. The inclusion E(Q) — E(Q) induces a map

EQ o E@Q) E(Q) N2E(Q)
2E(Q)  2B(Q)° 28(Q)

Then, for each class h € Ker(¢) choose P, € E(Q) and @), € E(Q) in that class such that
2Qn = Py. Now, the extension Q/Q is Galois (since it is the splitting field of a polynomial
in Q) and its Galois group G := Gal(Q/Q) acts on E(Q) by o - (x,y) := (0x,0y). We then
have a map of sets (not a group homomorphism!) A : Ker(¢) x G — E(Q)[2] given by

)‘(hv U) = 0Qn — Q-

Notice the image is indeed in E(Q)[2] since 2A(h,0) = 2(cQr) — 2Qr = 0(2Qp) — Pr, =
oPy, — P, = P, — P, = O. As a side note, notice that A\(0) := A(h, o) satisfies \,(c5) =
oAn(B) + An(o), which is "almost” a group homomorphism. Maps with this property are
called twisted homomorphisms, and are precisely the 1—cocycles in group cohomology.
Now, suppose A(h,-) = A(f,-) as maps. This implies 0(Qn — Qf) = Qn — Qy for all
o € G, but then @, — Q¢ must be in F(Q). But then P, — Py =2(Qn — Q¢) € 2E(Q), so
h and f must be the same class. This shows that A(h,-) : Ker(¢) — Homset (G, E(Q)[2]) is
injective. But G is finite and E(Q)[2] = {0, (e1,0), (e2,0), (e3,0)}, so Ker(¢) is finite. But
since Img(¢) C F(Q)/2E(Q) is also finite, it follows that the domain E(Q)/2E(Q) must be
finite as well. O

Ker(¢) =

Theorem 4.2.3. The map 7., : E(Q) — Q*/(Q*)? defined as

T — e if x # ey,

(e3 —e1)(ea —e1) if x =ey,

e, (0) =1, e (x,y) = {

is a group homomorphism.

Proof. Let 7 := m.,. We write = for equality in Q*/(Q*)2. Clearly, 7™ preserves inverses
and the identity element. Let P; = (x;,y;), for « = 1,2,3. It remains to show that if
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P, ® P, ® P3 = O, then w(P)n(Py)w(Ps) = 1. This is clear if some P; = O. Assuming all
P; # O, we have three cases to check without loss of generality.

Case 1: P # P», and P, # (e1,0) for all i =1,2,3

First, it will be useful to derive an expression for x3 in terms of e;. Let L be the line passing
through P, and P». Its equation is given by

L:y= (yQ_yl) (x —x1) + y1. (4.16)
T2 — I

We plug this into the equation for E to get the expression (whose roots must be 1, z2, z3)
Y2 — 1 2
<(> (a:—:cl)—l—yl) =23+ Az’ + Bz + C. (4.17)
o — 1
Now we do the substitution z; = X; +e; fori =2,3 and x = X + e;.

— 2
((H) (X —X1) + y1> = X° 4 (3e1 + A)X? + (3e] +24e1 + B)X  (4.18)
2~ Al

+ (e} + Ae? + Bey + C). (4.19)

The last term cancels out since e; is a root of F'(x). Therefore, the constant term of this
expression is contained in the left-hand side. We expand and simplify.

LHS = (...)- X + (Xi{;:ﬁyzf —(.) X+ <($z - 61)2:;? - 61)92>2. (4.20)

This constant term must be equal to the product of the roots of the polynomial in (4.19).
The roots are 1 — ey, x2 — €1, x3 — e1. Hence, we get the final formula

_ 1 (2 —e1)yr — (z1 —e1)yo 2
T3 —e1 = (@1 — 1)@ — 1) ( p— > . (4.21)

By using Equation (4.21) we have m(Py)mw(Po)m(Ps) = (x1 —e1)(z2 — e1)(x3 —e1) = 1.
Case 2: P = (e1,0)

Here, we have Py, P3 # (e1,0) or else one would have to be equal to O. We use the addition
formula to get

2
s — ey = (@1/_2 61) (w2 + 2e1 + A). (4.22)

We now do a series of calculations.
T3 — el

= (xz3—e1)(xg — 61)2 (Equality in Q/QQ)
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= 95— (294 2e1 + A)(x3 —€;)? (Equation (4.22))
(z2 —e1)(z2 — e2)(x2 — e3) — (22 + 2e1 + A) (22 — €1)? (y3 = P(x2))
(x2 —e1)(eges + Aeg + 2¢2 — (e1+ex+e3+ A)xa) (Simplify)
(2 — e1)(e2es + Aeg + 26%) (e1+ea+e3=—A)

= (3 —e1)((ea —e1 +e1)(es —e1 +e1) + Aey + 2€3) (Add and subtract e;)

= (z2—e1)((e2 —e1)(es —e1) +ei(er +ex+es+ A)) (Simplify)

= (z2—e1)(e2 —e1)(e3 —e1) (e1+ex+e3=—A).

Thus, 7T(P1)7T(P2)7T(P3) = (372 — 61)2(62 — 61)2(63 — 61)2 =1.
Case 3: Pp=P, = P;

In this case, we have P; # (e1,0). We take the limit 1 — z9 in Equation (4.21).

r3 — €1
1 B o 2
= lim < (72 —en)yr = (21— e1)ys > (Equation (4.21))
z1—a2 (11 —e1)(x2 — €1) xTg — Ty

(29 — e1)2 (yl— (i; 2)%)2
)

= lim (Extract z2 — e1)
T1—T2 (xl — el)<1'2 — e To — 1
Tr1—eq 2
(- () e
= lim (Left term converges to 1)
T1 T2 T9 — T
2
Ir] — €
= lim [(yi S ) + <y1 — < ! 1) y2> yi’] (L’Hopital’s rule 2 times)
T1—T2 Tro — €1 To — €1
Y2 2
= lim (yi — > (Right term goes to zero)
r1—x2 To — €1
= im |y — (Push the limit inside)
xr1—x2 To — €1
2
= <y§ __® ) (Evaluate).
9 — €1
Therefore, x3 — e; € (Q*)2. We conclude that 7(P)n(P)m(Ps) =1 O

The map 7, induces an isomorphism E(Q)/Ker(m.,) = Img(m.,). The map m, has
finite image, but unfortunately Ker(m,) is, in general, bigger than 2E(Q). However, it
turns out that Ker(me,) N Ker(me,) = 2E(Q). So, we can instead consider the map ¢ :=
Tey X Tey, 1.6. @(P) = (e, (P), e, (P)). The last two steps of the proof will be showing that
Ker(¢) = 2E(Q) and that Img(¢) is finite. We begin with a Lemma.

99



Lemma 4.2.4. Pick a point P; = (71,71) € E(K). Define ¢; := /71 —¢; € Q.
Then, there are exactly four solutions (counting multiplicity) P> = (x2,y2) € E(Q)
to the equation 2P, = P;. They are given by

1

Tg = §(U2 — I — A)7 Y2 = urs + (yl - le),

where
we €1 + €2 — €3, —e€1 + €9+ €3,
€1 —€+e€3, —€ —€—e€3|’

Proof. Let L : y = ux 4+ v be the line tangent to P» passing through P;. We substitute it
in the equation for E to obtain

23+ (A—u?)2® + (B — 2uw)z + (C —v?) = 0. (4.23)
We divide it by the trivial root x = 1, and apply the identity v = y; — ux; to get
224+ (A+x) —ud)z + (B — 2uy; + (A+z1 +u?)xp) = 0. (4.24)

This equation should have a double root at x = x5, so the discriminant should be zero.
Thus, we have
(A+ 21 —u?)? = 4(B — 2uys + (A +x1 +u?)z). (4.25)

Equation (4.25) is a quartic polynomial in u. Here comes a trick that turns a problem of
solving quartics into a problem of solving cubics. The idea is to introduce a new variable A
so as to make the right-hand side a square. We have

(A+zy —u® + 2% = (4o — 20)u® — (8y1)u + (4B +4Ax; + 422 + 2M(A+21) + 2\?). (4.26)

In order for the right-hand side to be a square, the discriminant of the quadratic polynomial
in the right-hand side should be zero. After simplifying the expression we have

0= 8% + 16AN? + 32B\ + 64(y; — 27 — Az] — Bry). (4.27)

Since (z1,y1) is a point in the curve, the constant term is equal to 64C. We make the
substitution 2n = A and divide the equation by 64 to get

0=n>+ An?>+ Bn+C. (4.28)

Clearly, the three solutions to this equation are A = 2ep,2e9,2e3. Let’s fix A = 2e; (if
x1 = e1, we choose A\ = 2e3 instead). Using the quadratic formula, we conclude that the
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double root of the right-hand side of Equation (4.26) is u = y1/(z1 —e1). We can then write
it as a square.

(A— u? + 1 + 261)2 =4(xy —e1)(u—y1/(x1 — 61))2 (4.29)
= 4(eru—y1/e1)? (4.30)
= 4(e1u — eze3)>. (4.31)

In the last equation we used the identity y; = €1e2¢3. Now we take the square root on both
sides, denoting the varying sign by =+.

A— u2 +x1 + 261 = :|:2(61u — 6263). (4.32)
We rearrange terms and use the identity A = —e; — es — e3 to get
(u+e1)? = (e % €3)°. (4.33)

We take the square roots again and arrive at the desired solutions for the slope u of the
tangent line. The expression for (z2,y2) then follows by the duplication formula on elliptic
curves. Ul

Proposition 4.2.5. Ker(m,, X m,) = 2E(Q).

Proof. (2) Pick Pi = 2P, in E(Q). Then, m,(P1) = m,(2P,) = 2. (P2) = 1. (C) Pick
Py, = (x1,y1) in the kernel of the map, i.e. 7, (P1) = 1, me,(P1) = 1. Assume first that
P ¢ {(e1,0),(e2,0)}. Then, 7, (P1) = x1 — e and 7, (P1) = x1 — ez are squares. But then

yi
(71 —e1)(x1 — e2)

Tl — €3 = (4.34)

is also a square, so for ¢ = 1,2,3, ¢, := /x1 —¢; € Q. So by Lemma 4.2.4 there exists
a Py € E(Q) with 2P, = P;. Lastly, assume without loss of generality that P; = (e1,0).

Then, 7., (P1) = (e1 — e2)(e1 — e3) and 7, (P;) = e; — eg are squares. But then e; — e3 is
also a square. The result follows again by Lemma 4.2.4. O

The last part of the Theorem is to prove that the image of 7., is finite, which immediately
implies that the image of ¢ is finite. For this, we need a result in algebraic number theory,
namely Proposition 2.4.32, which says there is a principal ideal domain (hence a unique
factorization domain) Rg with Og C Rg C @, where Ré is a finitely generated group.
Notice that @ = Frac(Og) = Frac(Rg).

Proposition 4.2.6. Img(n,,) is a finite set.
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Proof. Let P, = (x1,y1) € E(Q). We may suppose z1 # e;. We want to show that, up to
squares, there is only a finite amount of possible values for 7, (P1) = x1 — e;. Pick a prime
p € Rg. Write v, : Rg — Z U {oo} for the p—adic valuation on p. We’ll show that either
vp(x1 —e1) is even, or p | A.

Suppose p f A. This implies v,(e; —e;) = 0 for i = 2,3. We have the equation for F,
namely y? = (z1 — e1)(21 — e2)(z1 — e3). Applying v, to both sides we obtain

vp(x1 —e1) +vp(z1 —e2) +vp(z1 —e3) =0 mod 2. (4.35)

If vp(z1 — e1) = 0, we're done. Suppose it is # 0. Then, for i = 2,3 we have

0 if vp(x1 —e1) >0
Vp(T1 — &) = vp((x1 —e1) +(e1—¢€;)) =
pl@1 —e) = vpl(m =) + (e —e)) {vp(:cl —e1) ifu,(x; —er) <O.
Here we used the property of v, that says v,(a+b) = min (v,(a), v,(b)) when v,(a) # vp(b).
But then, by substituting these values in Equation (4.35) we obtain v,(z1 —e1) =0 mod 2
in all cases. We conclude that

Tl —el = a2de7{1...ef{‘,

where a € @, d | A, {e1,...,€,} are generators of Ré and r; € {0,1}. Therefore there are
only finitely many possibilities for 1 — e; up to squares. O

Using Propositions 4.2.5 and 4.2.6, we conclude that F(Q)/2E(Q) = E(Q)/Ker(¢) =
Img(¢) is finite. By Proposition 4.2.2, E(Q)/2E(Q) is finite, which proves the Weak
Mordell-Weil Theorem.

4.3 Calculating the rank

The goal of this section is to present an algorithm for finding upper and lower bounds for
the rank r of the group E(Q), provided the group has a point of order two Py = (z0,0).
This method is known as descent by 2—isogeny. We can always do a change of variables
x + x — g, which ensures Py = (0,0), hence E may be assumed to have equation

E:y* =13+ A2® + Ba. (4.36)

The key idea is that we can find an explicit isogeny ¢ : E — E/(Py) =: E of degree two.
Then, if ¢ : E — E is the dual isogeny of ¢, we have that the maps ¢ o1 and v o ¢ are
the multiplication-by-two maps P+ 2P. Given Py, the maps ¢, and the curve E can be
calculated explicitly [42], giving rise to the following.
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Theorem 4.3.1. The following hold.

(i) The curve E has equation E : y? = 23 + Az? + Bz, where we define A := —24
and B := A% — 4B;

(.22 ifp ¢ {(0,0),0),
O else;

(i) o(p) := {

(12, 1255 it p ¢ {(0,0),0),

(it) (p) i= { 5 o

Notice that Ker(¢) = {(0,0), O} = Ker(¢). Our next goal is to derive expressions for their
image. First, we must return to the homomorphism 7., defined in Theorem 4.2.3. Since
we’re assuming e; = 0, we have a map « := mg. We claim that a can be viewed as a map
from E(Q) to Q*/(Q*)2. This is clear since a(Py) = ezez = B € Q*, so

x ifx#0,

4.37
B ifx=0. ( )

a(0)=1, afz,y) = {

We define @ : E(Q) — Q*/(Q*)? as the corresponding map on E. We have

Proposition 4.3.2. The following hold.

(1) Ker(¢) = {(0,0),0}, (ii) Img(¢) = Ker(a),
(i) Ker(y)={(0,0),0}, (iv) Img(y) = Ker(a).

Proof. Ttems (i) and (ii) are clear. We prove only item (iii), as item (iv) is identical. (C) By
the definition, ¢(P) either is O or has r—coordinate in (Q*)2, so the statement is clear. (D)
Pick P = (z,y) € Ker(a). We have two cases to consider. First, assume P = (0,0), thus
a(P) = B = A%2 — 4B is a rational square. But this is the discriminant of 22 + Az + B, so it
must admit a rational root . But then (r,0) is a point in F(Q) with ¢(r,0) = (0,0) = P.
Now assume P # (0,0), so  must be a square, say, w?. We must now construct a point
Py = (x1,91) such that ¢(z1,y1) = (w?, y). From the definition of ¢ we get a system of

equations

v = w22, y1(z? — B) = yai. (4.38)

By the first equation we have y; = twx;. We substitute it on the second equation and
solve for 1 (using the fact that y? = 23 + Ax? + Bx) obtaining solutions

1
Y1 = wry, T = i(iy/w +w? — A). (4.39)
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It remains to check if this point belongs to E(Q). We want (x1,y;) to satisfy the equation
y? = a3 + Azt + By, (4.40)

2

By substituting yf = w2z} and solving for 21 we obtain z1 = §(+y/w + w? — A). O

Corollary 4.3.3. We have

[E(Q) : Tmg(¢)] = #lmg(a), [E(Q) : Img(y)] = #Img(e).

Proof. This is a consequence of the First Isomorphism Theorem. We have Img(a) =
E(Q)/Ker(a) = E(Q)/Img(¢). The same argument works for ). O
Before we proceed, we need a basic Lemma in group theory.
Lemma 4.3.4. Let A C B be abelian groups and [B: A] < co. Let f: B — C be a
group homomorphism. Then,
[B: A]
B): f(A)] = .
LF(B) = f(A)] [Ker(f) : Ker(f) N A4]
Proof. Using the isomorphism theorems we have
f(B) o B ~ B/A ~ B/A
f(A)  A+Ker(f) (A+Ker(f)/A  Ker(f)/(Ker(f)nA)
O
With this, we are able to express the index [E(Q) : 2E(Q)] in terms of « and @.
[E(Q) : 2E(Q)]
= [F(Q) : Img(y o ¢)] (b o ¢ is the multiplication-by-two map)
= [BE(Q) : Tmg(¥)][Img(y) : Img(t) 0 6] (IA:C] = [A: B[B:C] when A2 B2 C)
[E£(Q) : Img(¥)][E(Q) : Img(¢)]

= [Ker(®) : Ker(s) N Img(9) (Lemma 4.34)

#1mg () #Img(@)
[Ker(¢) : Ker(¢) N Img(¢)]
Since Ker(y) = {(0,0), O}, the index in the denominator is equal to 1 if (0,0) € Img(¢),

otherwise it is equal to 2. But (0,0) € Img(¢) if and only if 22 + Ax + B has a rational
root, which happens if and only if A2 — 4B is a perfect square. We thus have

(Corollary 4.3.3)

#Img(a)#Img(@) if A2 — 4B is a perfect square,

#Img(a)#Img(@)/2  otherwise. (4.41)

[E(Q): 2E(Q)] = {
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We are now ready to express the rank r in terms of o and @. Write E(Q) as

N
EQz=7oTo Pz, (4.42)
=1

where T is a finite group with order relatively prime to 2 and each p; is a power of 2. Again,
this form follows by the Fundamental Theorem of Finitely Generated Abelian Groups. We
then have

E(Q)/2E(Q)
N
~ Z77/22° © T/2T & @ Zy, /2Zy, (BEquation (4.42))
=1
N
= ZQ/QZT eT/2T ® @ Lo (Zp/2Z,, = Zs since p; is a power of two)
=1
N
~ 72277 ® @ Zo (T/2T =2 {0} since T has order relatively prime to 2)
=1
~ 7N (Simplify).

Notice that 2V = #F(Q)[2], i.e., the number of elements of order 2. These are the rational
roots of 22 + Axz? + Bx plus the element O at infinity. Thus, there are 4 points if A2 — 4B
is a perfect square, otherwise 2 points. We conclude

2r+2 if A2 — 4B is a perfect square,

[B(Q) : 2B(Q)] = {TH (4.43)

otherwise.
We join equations (4.41) and (4.43) and take log, on both sides, arriving at the final identity

r = logy #Img(a) + log, #Img (@) — 2. (4.44)

We have thus reduced the problem of bounding the rank r to finding elements in the images
of o and @. In what follows we’ll derive a necessary and sufficient condition that will reduce
this problem to determining whether or not a finite number of Diophantine equations admit
an integer solution. This will immediately lead to an algorithm.

Proposition 4.3.5. A class v € Q*/(Q*)? is in the image of « if and only if one of
the following hold.

(i) v=1

(ii) v = by for some divisor # 1 of B such that the affine curve y? = bjx*+Ax%+B /b,
admits a rational solution.
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Proof. (<) If v =1, then v = o(O). Suppose v = b; satisfying (ii). Let (zg,0) be such a
rational solution. Then, we have the morphism of curves

{y? = bia* + Az® 4+ B/b1} — {y® = 23 + Az? + Bz}, (x,y) — (b2, bioy).  (4.45)

Thus, the rational point Py := (b3, b1xoyo) is in E(Q) and a(Py) = by = . (=) Suppose
v € Img(a) with v # 1. If v = B, then the curve in (ii) becomes y? = Bx* + Az? + 1, which
admits the rational solutions (0, £1). Suppose then v # B. Therefore, there must exist a
point P = (z,y) € E(Q), with x # 0, such that a(P) = .

Write * = m/e? and y = n/e with ged (m,e) = ged (n,e) = 1 and m,e # 0. Let
by := ged (m, B). Then, we can write m = bym; and B = b1by with ged (mq,b2) = 1.
Substituting it in the equation for the elliptic curve we get

n? = bimy (bym? + Amye® + boe?). (4.46)
Hence, b?|n?, which implies b|n. Let n = biny, so
n} = mi(bymi + amye? + bae?). (4.47)

Since ged (mq, be) = ged (my, e) = 1, my is relatively prime with bym? +amie? +boe?. Since
their product is a square, both terms must be squares. So, there are M, N integers such
that

M? =my, N?=bm?+amie® + boe’. (4.48)

By plugging in the first equation on the second we arrive at
N? = by M* + aM?e* + byet. (4.49)
Therefore, (N/e?, M/e) is a rational point in the curve. O

Remark 4.3.6. The curve in (ii), although it has degree 4, defines an elliptic curve (together
with a point O at infinity), i.e. a smooth projective curve of genus one.

We can always write a rational point (zg,%0) in this curve as (z/z,y/2?) with z,y,z € Z
and z # 0. Therefore, to determine if this curve has rational points or not, it suffices to
determine if the Diophantine equation

y? = byt + Ax?2? + byt (4.50)

has an integer solution (z,y,z) with z # 0. And such a solution exists if and only if
b1 € Img(a). This gives us a method of approximating the size of #Img(«). Let dp be
the number of square-free divisors (which may be negative or positive) of B. Notice that
#Img(a) € [1,dp]. Each time we determine if Equation (4.50) has a solution or not for a
given square-free divisor by, we can sharpen that interval. This is described in Algorithm 1.
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Algorithm 1 image_ of alpha

Input: FE :y? = 23 + Az? + Bz an elliptic curve
Output: Integers L, U such that L < #Img(a) < U
UnknownEquations < #{square-free divisors of B}
PointsOnlmage < {1}
for b, square-free factor of B do
bg — B/b1
if found a solution (z,y, 2), with 2z # 0, of y? = bja* + Ax?2? + by2* then
PointsOnImage < PointsOnlmage U {b; mod (Q*)?}
UnknownEquations < UnknownEquations—1
else if there exist no solutions in the integers then
UnknownEquations <+— UnknownEquations—1
end if
end for
L < #PointsOnlmage
U + L + UnknownEquations
return L, U

There are some slightly more clever ways of checking for solutions instead of simply testing
for all possible triplets (x,y, z). Below are some useful considerations.

(I) We may assume the solution (x,y, z) is pairwise coprime, since if a prime p divides
any two variables, it also must divide the third one, and so the solution can be reduced
to (z/p,y/p* 2/p)-

(IT) If A,b1,be < 0, then there are not even real solutions to the equation, so there is no
need to perform a check.

(III) It is a good idea to check for solutions in Z, for a large number of primes. If at least
one Z, fails to have solutions, then there must be no solutions in the integers. In Z,,
the condition that (x,y, z) are pairwise coprime implies that at most one variable is
=0.

With this, we use Equation (4.44) to construct an algorithm for finding lower and upper
bounds for the rank r, shown in Algorithm 2. This algorithm was executed for a total of
10000 inputs (all elliptic curves E : y? = 34+ Ax?+Bx for —40 < A, B < 60). Unfortunately,
it managed to pinpoint the exact rank for only 22.39% of these curves, totalling 2214. There
were 139 of rank 0, 1577 of rank 1, 488 of rank 2 and 10 of rank 3. Table 4.2 shows some of
the conclusive results and Table 4.3 some of the inconclusive results, i.e. where only lower
and upper bounds for the rank were found.
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Algorithm 2 rank_of elliptic_ curve

Input: FE :y? = 23 + Az? + Bz an elliptic curve
Output: Integers L, U such that L < rank of E < U

E < Elliptic curve given by y? = 23 — 2422 + (A2 — 4B)z
Ly,U; + image_of alpha(F)

Lo, Uy < image_ of alpha(E)

L < [logy(L1) + logy(L2) | —

U <+ [logy(Ur) +logy(Uz)] —

return L, U

It is possible to use this data to visualize how the rank behaves when we vary the
coefficients A and B. For each point (A4, B) € Z2, consider the curve E : y?> = 23+ Ax? + Bx
and compute and interval [a,b] bounding its rank. Then, generate two images. In the first
image, each coordinate is painted a color based on the value of a. The color starts at black
and gets greener the higher the value of a (for example, a value of a = 0 would yield a black
pixel, whereas a value of a = 5 would yield a completely green pixel). Singular curves are
painted white. After this, do the same, but considering the value of b instead, generating a
second picture. The result is shown in Table 4.1. In contrast to the images corresponding to
the torsion subgroup, which we’ll construct in Chapter 5, this one looks like just a chaotic
arrengement of pixels. This goes to show how unpredictable the behavior of the rank is.

Table 4.1: Colorings of the lower bound a ( left 1mage ) and the upper bound b (right
image) on the rank of the elliptic curve E : y? = 2% + A2? + Bx. The parameter A
corresponds to the x—axis, while B corresponds to the y—axis. Both vary from -40 to 60.
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A B Rank A B Rank A B Rank A B Rank
-37 37 31 24 -34 31 39 -39 31 34 56 3
40 14 31 40 23 31 47 30 31 52 47 3
56 46 31 59 42 3 -9 -39 2 -9 -30 2
-7 -33 2 -3 -38 2 | -20 5 21 -19 13 2
-18 2 21 -19 19 2| -17 17 21 -16 9 2
-12 17 21 -10 10 21 -10 18 2 -3 10 2
20 23 21 -19 22 21 -19 26 210 -17 20 2
-17 32 21 -15 34 21 -15 39 20 -14 26 2
-13 37 2 -11 26 21 -10 34 2 -5 20 2
-5 29 2 -4 37 2 -3 34 21 -20 54 2
-18 50 2 -18 57 21 -16 49 21 -15 58 2
-14 56 21 -13 52 2 -12 41 2| -11 50 2
-11 53 2 -8 41 2 -7 42 2 -6 50 2
-5 53 2 -3 58 2 -2 50 2 -1 49 2
-35 -35 21 -33 -35 21 -29 -31 21 -23 -33 2
20 -7 1| -17 -18 1| -15 -15 14 -15 -3 1
-14 -7 14 -13 -7 14 -12 -7 11 -11 -9 1
11 -3 1 -9 -11 1 -7 -11 1 77 1
-5 -15 1 -5 -9 1 -5 -7 1 -5 -6 1
-3 -3 1 -20 -21 14 -19 -23 1| -17 -27 1
-17  -23 14 -15 -25 14 -14 -23 1| -13 -32 1
-12 -39 1| -11 -31 1| -11 -33 1 -7 -23 1
-6 -35 1 -5 -36 1 -5 -35 1 -3 -39 1
-3 -28 1 -3 -31 1 -3 -21 1| -20 3 1
-19 2 14 -19 18 14 -18 19 1| -17 7 1
17 14 1| -16 1 1| -16 5 11| -15 1 1
-15 3 1] -15 6 11| -15 9 14 -15 13 1
-15 10 14 -15 15 11 -19 9 01 -19 16 0
-11 10 01 -11 18 01 -10 9 0 -8 9 0
-7 1 0 -7 9 0 -6 1 0 -6 5 0
-5 4 0 -5 6 0 -5 9 0 -3 1 0
-3 2 0 -3 3 0 -2 9 0 -1 1 0
-14 25 01 -13 22 01 -13 36 01 -11 24 0
-11 25 01 -11 27 0 -6 25 01 -18 49 0
17 42 01 -15 49 01 -14 45 01 -13 49 0
-11 49 01 -34 1 01 -31 9 01 -39 25 0
-37 25 01 -35 25 01 -27 26 01 -26 25 0
-39 49 01 -29 54 01 -22 49 0 0 -1 0
1 -20 0 1 -2 0 1 -1 0 3 A4 0
4 -5 0 6 -3 0 7 -8 0 12 -13 0

Table 4.2: Calculated ranks (part 1). For each pair (A, B),

shows the exact rank of the elliptic curve y? = 23 + Ax? + Bux.
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Table 4.3: Calculated ranks (part 2). For each pair (A, B), shows an interval
bounding the of the elliptic curve y? = 23 + Az? + Bax.



Chapter 5

The Torsion and the Nagell-Lutz
Theorem

As we’ve seen in the previous chapter, the Mordell-Weil Theorem tells us that if F is an
elliptic curve defined over Q, then the group E(Q) is finitely generated. By the classification
of finitely generated abelian groups, we can thus write it as

EQ) = Z" @ E(Q)tors- (5.1)

The value r is called the rank of E. The term E(Q)os is a finite group and is called the
torsion subgroup of E. However, the theorem provides no insight into how to actually cal-
culate these objects. This chapter will address the issue of calculating the torsion subgroup.
As we shall see, in contrast to the previous chapter, where we only had partial methods for
calculating the rank, the torsion is much more well-behaved and can be fully calculated in
all cases. There are two important arithmetic results: the Mazur Theorem and the Nagell-
Lutz theorem. The first classifies all possible torsion subgroups. The second shows a simple
finite set containing all points of finite order, and thus reduces the problem of calculating
E(Q)tors to a finite number of checks, which can be performed by a computer.

Theorem 5.0.1 (Mazur [26, 27]). Let E be an elliptic curve defined over Q. Then,
the torsion subgroup E(Q)ios is one of the following fifteen groups:

L, 1 <n<100orn=12; Zo X Zp, 1 <n < 4.

Since the Mordell-Weil Theorem extends to elliptic curves defined over a number field K, it
is natural to ask if #F (K )ors is also bounded by a constant which depends only on K. It
turns out that this bound exists and depends only on the degree [K : Q]. This was proved
in [20] for all quadratic fields and in [28] for all number fields. Moreover, there are various
classification theorems for these torsion subgroups [25].

For the remainder of this section, let £ be an elliptic curve given by the Weierstrass
equation y? = F(x) with F(z) := 2% + A2? + Bx + C, where A, B,C € Z. Its discriminant
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is given by
A= —4B3 —270? — 4A3C — 27C? + 18ABC + A’B. (5.2)

Our goal in this section is to prove the Nagell-Lutz Theorem, stated below.

Theorem 5.0.2 (Nagell-Lutz). Let (z,y) be a point of finite order in E(Q), then
1. x and y are integers,

2. either y = 0, in this case the order is 2, or 3? divides A.

The proof of this theorem is long, but achievable by elementary methods. Some proofs
can be found in [38, page 56], [43]. The first, however, omits a necessary technical result
(namely 5.1.4). Another book by the same author [37, page 221] provides a different proof
using the notion of formal groups. Lastly, a quick proof can be achieved by finding a clever
inductive formula for adding a point to itself n times [1]. It is important to note that
Nagell-Lutz can’t be generalized much further beyond Weierstrass equations (i.e. equations
of the form y? = 23 + Az? + Bx + C). More concretely, Silverman points that (—1/4,1/8)
is a point of order two of the curve

vV 4oy =ad+4z +1,
which is not in Weierstrass form. It will be useful to first give a rough sketch of the proof.

(I) Given a prime p, exhibit a chain of subgroups E(Q) 2 E; ) Ez D ... that contains
points with higher and higher powers of p in the denominator.

(IT) Show that E; is torsion-free, which implies any point with p in the denominator must
have infinite order. As this is true for any prime p, any torsion point must have integer
coordinates.

(III) Show that y? | A by using the well-known formula for the discriminant in terms of
the resultant. In our case, A = —Res(F, F’).

The first thing we do is to change coordinates. Given a point P = [a : b: ¢] € E(Q)
with b # 0, we let its ts—coordinates be

t(P)=a/b, s(P)=c/b. (5.3)

Notice that O = (0,0) in ts—coordinates, and the "points at infinity" in this coordinate
system are precisely the points of order two, i.e. points [z : 0 : 1]. This transformation
is simply a change of charts, so it maps lines to lines and preserves the multiplicities of
intersections. So, we can add points in the ts—plane just as we add points in the xy—plane.
The curve E can be rewriten in terms of the ts—coordinates, yielding a new curve E
isomorphic to F given by

E:s=1t3+ At’s + Bts* + Cs>. (5.4)
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Remark 5.0.3. Recall that the inverse operation P — —P is done by tracing a line through
P, O and picking the third point of intersection. In ¢ts—coordinates, O = (0,0), so inverse
is simply taking the negative of a point (i.e. —(¢,s) = (—t,—s)).

Notation 5.0.4. Given a point P; € E(Q), P; # O, we’ll denote its zy—coordinates
by (zi,y;). If we also have y; # 0, we’ll denote its ts—coordinates as (¢;,s;). The
ts—coordinates of O are, of course, (0,0). If we write P for a point in E(Q) (now
without subscript) given the appropriate conditions mentioned above, its coordinates
will respectively be x,y,t, s.

5.1 Points of finite order have integer coordinates

We'll start with the hardest part of the proof, namely showing that torsion points have
integer zy—coordinates. Let P € E(Q), P # O. Notice that, if = 0, then y = /C, which
must be an integer (since y € Q and C € Z). If, on the other hand, y = 0, then = must
be a root of 3 4+ Ax? + Bz + C. Since this is a monic polynomial with integer coefficients,
its roots must be integers also, so z is an integer. Therefore, the case where one of the
xy—coordinates is zero is trivial. Our strategy for the case where x # 0 # y is to tackle the
problem "one prime at a time", showing that no prime divides the denominator of x or y.

Let v, be the standard p—adic valuation in Z defined in 2.4.33. Our goal is then to show
that if P has finite order then for all primes p we have v,(z) > 0 and v,(y) > 0. It is a good
idea to examine the case where this doesn’t hold, namely v,(z) < 0 or v,(y) < 0. This case
is solved by Proposition 3.0.4, which motivates the introduction of the following set.

Definition 5.1.1. Given a prime p and an integer r» > 1, define

E) = {(7,y) € E(Q) : vp(w) < =2r,vp(y) < =3r} U{O}.

These sets are what is called a "filtration", in the sense that they belong to a chain of
inclusions. In the near future, we’ll see this is not only a chain of subsets, but also a chain
of subgroups.

EQD2E,2E, 2E D .. (5.5)

We now state a Proposition which allows us to represent £, in terms of ¢s—coordinates.

Proposition 5.1.2. The following hold.
(i) (z,y) € B, <= wp(s) > 3r and v,(t) > r.

(ii) (z,y) € Ej and (z,y) ¢ Byt <= vy(s) = 3r and vp(t) =r

73



Proof. (i =) By Proposition 3.0.4, we know there is [ > 1 such that v,(z) = —2[ and
vp(y) = —3l. The hypothesis guaratees to us that { > r. So, we have v,(s) = —v,(y) = 3l >
3r and v,(t) = vp(z) —vp(y) = =20+ 3l =1 > r. (i <) We have v,(y) = —vp(s) < —3r
and so by Proposition 3.0.4 there must be [ > r such that v,(z) < —2[ and v,(y) < —3l.

(ii =) In this case, vy(x) = —2r and vy(y) = —3r. Hence, v,(s) = —v,(y) = 3r and
vp(t) = vp(x) —vp(y) = r. (ii <) Conversely, if these two equalities hold, we have that
vp(y) = —vp(s) = =3r and vp(z) = vp(t) + vp(y) =r — 3r = —2r. O

Notation 5.1.3. Given a prime p, we write R, for the localization of Q at the ideal
generated by p, i.e. R, :={x € Q : vy(x) > 0} (see Proposition 2.4.35). Given two
rational numbers a,b € Q, we say a =b mod p" if a — b € p"R,,.

The first main step of the proof is showing that Ej is a subgroup of E(Q). For that,
we’ll first derive a formula for a line in ts—coordinates passing through two points in Ej.
First, we need the following technical Lemma that excludes a degenerate case.

Lemma 5.1.4. Let L be a line given by the equation ¢ = ¢ in the ts—plane with
¢ =0 mod p. Suppose L intersects F(Q) at a point (¢,s) with s =0 mod p. Then,

(i) (t,s) is the only point in L N E(Q) with s =0 mod p,

(ii) the line L is not tangent to (¢, s).

Proof. (i) First, we’ll show uniqueness. Suppose (t1, s1) and (t2, $2) are two points of inter-
section such that s; = 0 = s mod p. We’ll prove they are equal by showing, by induction,
that s; = so mod p¥ for all & > 1. The base case is the hypothesis. Suppose, then,
by induction, that s; = sy mod p* for some k > 1. Then, by methods of number the-
ory (Proposition 7.0.1 in the Appendix), we know that s? = s3 mod PPt and 53 = 53

mod pFt2. Therefore, by plugging ¢ = ¢ in the Weierstrass equation we have
51 =+ Ac?s; + Bes? + Cs3 = & 4+ Ac?sy + Besa + Cs3 = s, mod pFth

Hence, s;1 = s2. And so, since t; = ¢ = t9, the points are equal. (ii) For the second part, we
have to calculate the slope of the tangent line at (¢1,s1). By doing implicit differentiation
and isolating ds/dt we have

3t + 2Ats| + Bs?
1 — At3 — 2Bsit; — 3Cs3’

ds/dt = (5.6)

Suppose by contradiction that the line L is the tangent line. Then, ds/dt must be oo, so
the denominator of ds/dt must be zero. But since t; = ¢ = s =0 mod p,

0=1—At? —2Bs;t; —3Cs2 =1 mod p,
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which is a contradiction since no prime divides 1. Thus, L cannot be the tangent line, and
this concludes the proof. O

Lemma 5.1.5. Let P, P, € E, \ {O}. Then, the line L in the ¢s—plane passing
through P; and P, (the tangent line if P; = P») has the form s = at 4+ [ with

_ 13 4 tity +t2 + A(ty +t1)so + Bs3
1 — At} — B(s1 + s2)t1 — CO(s3 + 5152 + 57)

(07

Proof. (Case 1: t; = tg and s1 # sg2) In this case, L is given by t = t;. Proposition 5.1.2
tells us that vy(t1) > 0, and thus t; = 0 mod p. We therefore fit into the conditions of
Lemma 5.1.4, and hence P; = P», which is a contradiction. So this case doesn’t happen.

(Case 2: P = P,) In this case, we have to calculate the tangent line L through P;.
Suppose the line has infinite slope (i.e. given by ¢ = ¢;). Then, Lemma 5.1.4 tells us that
L cannot be the tangent line. So the slope of L must be finite, and hence L must be of the
form s = at + 5. By doing implicit differentiation and isolating the term ds/dt, we arrive
at (5.6), which is equal the desired expression by setting t; = t2 and s; = so.

(Case 3: t1 # to2) In this case, the line L must be of the form s = at + 8 with a =
(s — s1)/(ta — t1). If we subtract the equation of E at P, from the one at P, we get

89 — 8] = (t% — t?) + A(t%sz — t%sl) + B(tgs% — tls%) + C’(s% — s?)

But each of the three terms on the right can be decomposed into multiples of to — ¢; and
so — s1. More concretely,

3 — 13 = (to — t1)(t3 + t1to + 1),
A(t3sy — t2s1) = Aty — t1)(t2 + t1)s1 4+ A(sy — 51)13,
B(tys2 —t157) = B(so — s1)(s2 + s1)t1 + B(ta — t1)s3,
C(s5 — 53) = C(sg — 51) (53 + so51 + 57).

By isolating the term (s — s1)/(t2 — t1) we arrive at the desired expression. And this
concludes the proof. O

The following is a key step to showing that £ is a subgroup of E(Q).

Proposition 5.1.6. Let Py, P>, P3 € E(Q) with Py, P> € Ej. Then,

ti+ta+t3=0 d p?,
Pl@PQ@sz(’):>{1+2+3 mod p

s3=0 mod p* .
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Proof. Since the points P, and P, are in £}, by Proposition 5.1.2 we have that
t1=te=0 modp", ss=s =0 modp*. (5.7)

First, assume some point is equal to O, say, P, = O. In this case, we have that P, = —P5.
And so to = —t3 and so = —s3. Therefore, t1 +to +t3=0—t3+t3=0and s3=—59 =0
mod p®". So this case is trivial. Assume then that P; # O for all i. In this case, P;
and P» fit into the requirements of Lemma 5.1.5, and so the line passing through them is
L : s = at+  and we have an expression for a. We'll first analyze the valuation of o and
(8. The numerator and denominator of o have the following valuations.

vp(13 + tity + 13 4+ A(ta + t1)se + Bs3) > min (2r, vy (A) + 4r,v,(B) 4+ 6r) = 2r,  (5.8)

Up(l — At% — B(Sl + 82)751 — C(S% + 8182 + S%)) =0. (5.9)

The latter equation is true because we're calculating the valuation of 14 (something with
strictly positive valuation), therefore, it must be equal to the minimum, which is zero.
Therefore, v,(a) > 2r. Now, since § = s; — at; we have

vp(B) = vp(s1 — atq) > min (vp(s1), vp(a) + vp(t1)) > min (3r,2r + ) = 3r. (5.10)
Hence, in the end, we conclude the following.
vp(a) > 2r,  vy(B) > 3r. (5.11)

Now we plug the equation for L into the equation for E and collect terms. The result is a
polynomial on ¢ which has the following form.

0 =131+ Aa + Ba® + Ca®) + t*(AB + 2Baf + 3Ca?B) + (terms or order < 1). (5.12)

By Equation (5.11), a has strictly positive valuation, and so the coefficient of t* can’t be
zero. This equation then must have three roots t1,%9,t3. Using the relations between roots
and coeflicients of a polynomial we get

AB 4+ 2Bap + 3Ca?p
14 Aa + Ba? 4+ Ca3’

t1+1to+13 = (5.13)

We’ll show that the right-hand size is equivalent to zero mod p3", which will prove the first
part of the Lemma. The valuations of the numerator and denominator are

vp(AB + 2Baf + 3Ca?B) > min (v,(AB), vp(2Baf), v,(3Ca?B)) (5.14)
> min (v, (A) + 3r,v,(2B) + 5r,v,(3C) + 7r) > 3r.  (5.15)
vp(1 4+ Aa + Ba? + Ca®) = min (0, v,(Aa + Ba® + Ca?)) = 0. (5.16)

And so indeed t; +to+t3 =0 mod p?". From this, we know that t3 = c¢p®" +t; +1t5 for some
c and so v,(t3) > r. Then, vy(s3) = vp(ats + ) > min (3r,3r) = 3r. And this concludes
the proof. O
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Corollary 5.1.7. £ is a subgroup of E(Q).

Proof. By Proposition 5.1.2, P = (t,5) € E, is equivalent to ¢t = 0 mod p and s = 0
mod p?". Let P, Py € E;,. First, E is closed by inverses since —P; has {s—coordinates
(—t1, —s1), which clearly satisfy the congruence conditions. Now, let (t3,s3) = P3 := Pi@®P;.
Then, P, @ P, @ (—P3) = O, and so by Proposition 5.1.6 we have that s3 =0 mod p®" and
t1 +ty —t3 =0 mod p?", which means t3 =t; +t, =0 mod p. O

Now, we would like to define a map from FEj to a simpler group.

Proposition 5.1.8. Consider the map A, : Ej — p" /P Ry given by A\(P) = t.
Then, A, is a group homomorphism with Ker(\,) = Eg”.

Proof. Let P| ® P, = P3. )\, is well-defined since the t—coordinate of any point P € EI’,"
has v,(t) > r, and hence ¢t € p"R,,. Notice that A, (O) =0and A\ (P1+ ) =t3 =t +t2 =
Ar(P1) + Ar(P2) mod p3" by Proposition 5.1.6. So it is a group homomorphism.

Now, clearly E3" C Ker(),). To show the other inclusion, pick P € Ker(),). So
vp(t),vp(s) > 3r and vp(y) = —vp(s) < 0. By Proposition 3.0.4, v,(y) = —3u, vp(z) = —2u
for some integer u > 1. We have

—2u — 3r = vp(z) — 3r = vp(t) + vp(y) — 3r > vy(y) = —3u. (5.17)
So u > 3r. This means P € E;’T. O

By the First Isomorphism Theorem, we have an injective map A, : Ej / EgT —p'R,/ p?”"Rp.

Proposition 5.1.9. The group E; is torsion-free.

Proof. Suppose there is a point P € E; with order m > 1. We have two cases to consider.
(Case 1: p f m) Let 7 be such that P € E} but P ¢ E;*!. So, by Proposition 5.1.2,
vp(t) = r. But then

0 # mA\(P) = \(mP) = \.(0) =0 mod p" L.

Which is a contradiction. (Case 2: p | m) In this case, (t,s') = P’ := (m/p)P has order p.
Let 7 be such that P’ € Ej but P’ ¢ E;t!. So, v,(t') = r and 0 # A(P’) mod p"t!. But

we also have
p)\r(Pl) = )\T(pP/) =0 mod p3r’

and so A\.(P') =0 mod p*~!. Since 3r — 1 > r + 1, we have a contradiction. O
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5.2 Proving Nagell-Lutz

We are now ready to give a proof of Theorem 5.0.2.

Proof of Theorem 5.0.2. Let Py = (x1,y1) € E(Q). First of all, if z; = 0 or y; = 0, we know
that the point must have order 2 and integer coordinates by the argument at the beginning
of the previous section. Assume then z1 # 0 # y;. To prove the first part, assume P;
does not have integer coordinates. Then, there must be a prime p such that v,(z1) < 0 or
vp(y1) < 0. By Proposition 3.0.4, Py € E; which has no torsion points by Proposition 5.1.9.

To prove the second part, we use the first part. Let F(z) := 23+ A2%+ Bx+C. Since Py
has finite order, Py := 2P} = (x2,y2) must have as well, and P # O since we’re assuming
y1 # 0. So, P» has integer coordinates and thus by the duplication formula

P 2
21 + Ty = < (m) € Z. (5.18)
21
Now, the formula for the discriminant in terms of the resultant says A = —Res(F, F’). It

is a standard fact that the resultant of two polynomials belongs to the ideal generated by
them. Therefore, there must be a way to write A as a combination of F' and F”.

H(x)F(x) + S(z)F'(z) = A. (5.19)

By the equation of the elliptic curve we know that 3? = F(x1), and since the term in
Equation (5.18) is an integer, it follows that F(z1) | (F”(x1))?. Therefore, we conclude that
y? | A, which completes the proof of the Nagell-Lutz Theorem. O

5.3 Calculating the torsion

The main application of Nagell-Lutz Theorem is the calculation of E(Q)ors. Given a torsion
point P = (z,y), we know that either y = 0 or y? divides A and so there are only a finite
number of possibilities to check. For each possibility of y, say, yo, we must find all integer
roots of the equation

23 + A2® + Bz + (C — ) = 0. (5.20)

This is a monic polynomial in Z[x] and so any integer root xy must divide the constant
term. This leaves a finite number of possibilities for xg also. After compiling a set L :=
{(z0,v0), .-, (xn,yn)} of all possible torsion points, it remains to calculate the order of each
of them. To that end, if P; = (x;,¥;), it suffices to compute m P; until we either (1) reach O,
in this case the order is m, or (2) reach a point outside L, in this case the order is co. From
there, we collect all points of finite order and determine which group it must be. One quick
way of doing this is using Mazur’s Theorem 5.0.1 which reduces the number of possibilities
to 15. This whole process is layed out in Algorithm 3.

Thanks to Mazur’s classification Theorem there is a nice way of visualizing the patterns
among torsions of different elliptic curves. This First of all, any point v := (4, B,C) € Z3
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Algorithm 3 calculate_ torsion_ subgroup
Input: FE :y? = 23 + Az? + Bz + C elliptic curve
Output: G the torsion subgroup of F

1. G+ {0}

2: for y € Z such that y = 0 or y?|A do

3: for x € Z such that 23 + Ax? + Bz + (C — y?) = 0 do
4: if R := "order of (z,y)" is not infinite then

5: G+ GU{(z,y)}

6: end if

T: end for

8: end for

9: return G

can be thought of as a curve E, : y> = 23 + Az? + Bz + C, which may be either singular
or an elliptic curve. By assigning a different color for each of the 15 torsion possibilities in
Theorem 5.0.1 (plus an additional 16th color for singular curves) we obtain a coloring of
7Z3. By examining different cross-sections of this coloring we get a geometric visualization
of how the torsion behaves as we change the parameters A, B, C.

Group  Color H Group Color H Group Color H Group  Color

Singular ] Zy ] 7 | Zo X Lo O
Zl [ | Z5 || Zg ] ZQ X Z4 ]
ZQ [ | ZG [ ZlO ] Zg X Zﬁ O
Zg O Z7 | Zlg [ Z2 X Zg =

Table 5.1: Assigning colors to each torsion subgroup.

Some cross-sections of this Z? coloring are shown in Table 5.2. The image at position (4, j)
corresponds to fixing the j—th coordinate (the coordinates are, respectively, A, B, C') equal
to ¢ — 3, and then letting the other two coordinates vary in the interval [—50,49]. For
example, let I; ; be the points appearing in the image at line ¢, row j of the table. Then,

Lz ={(A,B,C) : C=-1,-50 < A, B < 49}. (5.21)

Just from these 15 small sections of the coloring, one can already see vastly different pat-
terns. For example, I33 (i.e. fixing C' = 0) contains no elliptic curve with trivial torsion.
This is clear from its equation y?> = 2% + Ax? + Bx: the point (0,0) is always a point
of order two. Another observation is that, at points where two colored pieces cross, the
corresponding torsion seems to be the product of the torsion in each piece. For example,
two blue lines (corresponding to torsion Zsg) usually meet at a pink point (torsion Zg x Zs).
The reader can play with these cross-sections by themselves by cloning the repository by
the author [32], where currently more than 100 million torsion subgroups were calculated,
and therefore the generated images are much bigger.
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Slicing at the B—axis | Slicing at the C'—axis

Slicing at the A—axis

Table 5.2: Each image displays a cross-section of the Z3 coloring centered at the origin.
The entry (i,7) of the image corresponds to slicing at the j—th coordinate equal to i — 3.
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Besides the aesthetic aspect of this visualization, one can also use them to construct
families of elliptic curves with fixed torsion (or fixed subgroup of the torsion). This seems to
be a rather non-trivial task without the visual aid. Here, it is simply a matter of observing
patterns in the images and trying to prove them. Below we show two examples, correspond-
ing to the light-blue parabola and a blue line in image (3,1). Since this visualization was
conceived by the author, these examples serve as contributions of this work.

Proposition 5.3.1. Let n be an integer and E,, be the elliptic curve given by
E,:y* =2+ (34 6n)x + (n® —8n —11).

Then, Zs is a subgroup of E,,(Q)¢ors-

Proof. This parametrizes the light-blue parabola in image (3, 1) in Table 5.2. The propo-
sition says F, always has a rational point of order three. To prove this, suppose P = (p, q)
is a rational point of order three. Then, 2P = —P. Assume ¢ # 0 and let uxz + v be the
tangent line to P. By the duplication formula, we know that the x—coordinate of 2P is
equal to u? — 2p. But the z—coordinate of 2P = —P is p. Therefore, 3p = u?. If we expand
this expression (by using the fact that u = (3p? + 3 + 6n)/2q) we get

0 = 12pg® — (3p? + 3+ 6n)°.

If we eliminate ¢ by using the equation for E,,, we arrive at a polynomial on p and n. This
polynomial always has a root at p = 3. It remains to check if this yields a point in E(Q) or
not. By substituting p = 3 in the equation for the elliptic curve we get

=3+ B+6n) -3+ (n*—8n—11)
=n?+10n + 25
= (n+5)°

So, the points (3,+(n + 5)) are always rational points of order three in E,. And this
completes the proof. O

Proposition 5.3.2. Let a,n be integers such that 4(3 —a) = (n®+ 3)2. Consider the
elliptic curve E, given by

3

E,:y?=a%—az—a+1.

Then, Z4 is a subgroup of E(Q)ors-

Proof. This parametrizes one of the blue diagonal lines in image (3, 1) in Table 5.2. We
aim to show that E, always has a rational point of order 4. Suppose that P = (p,p’) is a
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rational point of order 4. Notice that (—1,0) is always a rational point of order 2 of E,.
Suppose then that 2P = (—1,0). Let ux + v be the tangent line to P. Substituting in the
equation for F, and dividing by the root representing the point (—1,0) (i.e., z+ 1 =0) we
get the quadratic

2> — (W + 1Dz +1—a—u=0.
This should have a double root at p. Therefore, the discriminant should be equal to zero.
So, 0 = (u?+1)? —4(1 — a — u?). By simplifying some things we get the following equation.

—(4a — 3) = u* + 6u>. (5.22)

Now, by the duplication formula,
—1=u?—2p. (5.23)

By using this equality, we can remove the term u from equation (5.22) in the following way.
—(4a — 3) = u' + 6u? = v (u® 4+ 6) = (=1 + 2p)(5 + 2p).
By simplifying things a bit we arrive at the polynomial
4p® + 8p + 4a — 8 = 0. (5.24)

Solving this for p we get that

p=—-1+v3—a. (5.25)

So any point P = (p,p’) such that 2P = (—1,0) must have p in this form. If you plug this
expression for p in equation (5.23) you’ll see the equality holds only for the + term. The
remaining question is: when does this expression for p gives a rational point in the elliptic
curve? First of all, p is an integer if and only if 3 — a is a square number. Now, there are
two possibilities for p’, namely

+\/pP—ap—a+1=+/B-a)2V3—a—3).

Since (3 — a) is a square number, it follows that p is an integer if and only if 24/3 —a — 3
is also a square number. Call it n?. In other words, 4(3 — a) = (n? + 3)2, which is true by
assumption. Hence, the point

P= <—1 + m,i\/(?) —a)(2V3 —a — 3))

is always a point of order 4 in E,. And this completes the proof. O
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Proposition 5.3.3 ([17]). Let a be a fourth-power free integer and E, be the ellptic
curve given by the equation
y2 = 2% + ax.

Then, the torsion subgroup of E(Q) is classified as follows
Zo X Zo if —a is a square,

Ea(@)tors = Z4 ifa= 4,

Zo otherwise.

Proof. This parametrizes the horizontal blue line in image (3, 1) in Table 5.2. This proof
will consist of six parts. We’ll classify, respectively, the points of order 2, 4, 2, 3 and 5.
Lastly, we’ll use Theorem 5.0.1, which classifies all possible torsion subgroups, to conclude
the proof. Here we denote the set of points with exact order m by E[m)].

Part 1: 2—torsion points

First of all, let P = (p,p’) be a 2—torsion points. In this case, p’ must be zero so we have
23+ ax = x(2? + a) = 0. This equation has 3 rational roots {(0,0), (+/—a,0)} if and only
if —a is a square. If not, the only rational root is (0,0). So, we have the following.

‘ —a is a square ‘ a=4 ‘ else
E[2] | {(0,0), (+v=a,0)} | {(0,0)} | {(0,0)}

Part 2: 4—torsion points

Let P = (p,p’) be a 4—torsion point. Then, (¢,¢') = Q := 2P is a 2—torsion point. From
the previous case, there are two possibilities for Q).

(Case 2.1: @ = (0,0)) In this case, let y = ux 4+ v be the line tangent to P. Since it
must pass through @ = (0,0), we have that v = 0. If we substitute it in the equation for the
elliptic curve and divide by z, which is a trivial root, we get 2 — u?x + a = 0. This should
have a double root at x = p. So, that means the discriminant is zero, which happens if and
only if 4a = u*. Since a has no fourth-power factors, it follows that a = 4 and v = +2.
Hence, z = 2 and y = £4. So we get two 4—torsion points: (2,+4).

(Case 2.2: Q = (vy/—a,0) with v = £1) In this case, again, let uz+v be the tangent line
to P. Substituting in the equation for the elliptic curve we get 2 —u?x?+(a—2uv)z—2v? = 0.
This should have a double root at p and a simple root at vy/—a. The product of the roots
must be equal to v2, so yv/—a = (v/p)%2. We can divide by p since p = 0 would imply
P = (0,0) which has order 2, not 4. Then, squaring both sides we get —a = (v/p)?, which
contradicts the fact that a is a fourth-power free integer. So, we get the following table for
4—torsion points.
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‘ —a is a square ‘ a=4 ‘ else
E[4] | 2 | {2+4)} |

Part 3: 2"—torsion points for k > 3

Let P = (p,p') be a 2¥—torsion point for k > 3. Let (q,¢') = Q := 2¥73P. We have that
2Q is a 4—torsion point, so 2Q) = (2,74) for v = +1. Let ux + v be the tangent line to
Q. Substituting it in the equation for the elliptic curve we get, as usual, 2® — u?x? 4 (a —
2uv)z — v? = 0. This should have a double root at ¢ and a simple root at = 2. So, using
the identity for the product of the roots we get 2¢®> = v2, which has no solutions in the
rational numbers. So there are no 2¥—torsion points for k > 3, independently of the value
of a.

Part 4: 3—torsion points

Let P = (p,p’) be a 3—torsion point. Then, 2P = —P. Let ux + v be the tangent line to P.
Substitute it in the equation for the elliptic curve and get 23 — w222 + (a — 2uv)z — v = 0.
This should have a triple root at p. So, by the relations of roots and coefficients of a
polynomial, we have the three identities

p3 = 1)2, 3p2 =a—2uv, 3p= u?.
From the first and the third equations we get 27v? = uS. This means v = +u?/(3/3). So,
substituting this in the second equation we get
2 4

u u

—=afx2——.

3 3V3
The only way this can be true for a and w rationals is if w = 0. But then a = 0, which
makes the curve singular. So this case is impossible. Hence, there are no 3—torsion points.

Part 5: 5—torsion points

This is by far the hardest part of this proof. The strategy will be analogous to part 4, but
there will be a lot more calculations to be done. Let (p,p’) = P be a 5—torsion point. Let
(¢,q¢") = Q := 2P. Then, we have 2Q) = —P. Let ux + v be the tangent line to P and ax + 3
be the tangent line to ). Substituting both in the equation for the elliptic curve yields the
two equations

23 —u?2? + (a — 2uw)x — v = 0,

23— a?2? + (a — 2aB)z — B2 = 0.
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The first polynomial has roots p,p,q. The second has roots p,q,q. Using the relations
between roots and coeflicients we arrive at the following six equations.

g =%, (5.26)

P? + 2pq = a — 2uw, (5.27)
2+ q = u?, (5.28)
’p=p> (5.29)

¢+ 2pq = a — 2a8, (5.30)
2¢ +p =a’. (5.31)

From (5.27) and (5.30) we arrive at
P2 — ¢ =2(af —uv).
Square both sides to obtain
(p? — ¢*)? = 4(a*B% — 20Buv + u?v?).
Now using equations (5.26), (5.28), (5.29) and (5.31) we get
(r* = *)* = 8(p’q +p*a® + pg’) = —8apuv.

Finally, square both sides one last time and use the same identities again to arrive at a
polynomial involving only p and gq.

(P* = ¢*)? = 8(p*q +p°* + pd*))? = 64p°¢*(2p + @) (2q + p).
Expanding this yields
0= p8 — 16p7q + 44]96q2 + 16105q3 — 90p4q4 + 16p3q5 + 44192q6 — 1610(]7 + qS.

Now, the key observation is that the coefficients of this polynomial are symmetric. That
means we can write it in terms of the new variables x := p + ¢ and y := pq. After some
very long computation, we get that this polynomial can be written as

0 = 2% — 24y2°% 4+ 160y%z* — 3201322

Now, we have two cases to consider.

(Case 5.1: = = 0) In this case, p = —q. By plugging this in equations (5.28) and (5.31)
we get a® = ¢ = —u?. So a =u = q=p=0. But then P = (0,0), which has order 2, not
5, so this case is impossible.

(Case 5.2: x # 0) In this case, we set z = y/z% and divide both sides by 2% to get the
following polynomial in z.

0=1-24z + 1602 — 3202°.
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Now, this is a polynomial in one variable with integer coefficients, so we can use Gauss’
Lemma to check for all the rational solutions. There is, in fact, only one rational solution
z = 1/4. But that means 2 = 4y. Substituting the definitions of 2 and y we get (p+q)? =
4pq. After a bit of simplification we arrive at (p — ¢)?> = 0. So p = ¢. But then, that means
either 2P = P or 2P = —P. In either case, the order of P is less than 5, so this case is
impossible as well. Hence, there are no 5—torsion points.

Part 6: putting it all together

By joining all the results from previous cases, we have the following table.

—a is a square | a =4 | else
#E[2) 3 1 1
#E[4] 0 2 0
HE[2%) for k>3 0 0 0
#E[3] 0 0 0
#E[5] 0 0 0

By pure inspection we conclude that there is only one possible group for each case. Namely,
Zo X 7o if —a is a square, Z, if a = 4 and Zy otherwise. O
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Chapter 6

The Birch and Swinnerton-Dyer
Conjecture

As we've seen, given an elliptic curve E, we can define its L—function via the correction
terms ¢,(E,r) := ¢+ 1 — #E(F,), where ¢ = p". The Arithmetic Modularity Theorem
tells us that L(FE, s) has an analytic continuation to the whole complex plane. Therefore, it
makes sense to talk about its value on s = 1. Birch and Swinnerton-Dyer [4] have developed
a method to compute L(FE, 1) explicitly for the following family of elliptic curves

E:y*=2%—-Dx, DcZ. (6.1)

Their observations suggested a connection between this particular value and the rank of F.
This led to the following.

Conjecture 6.0.1 (BSD Conjecture). Let E be an elliptic curve of rank r. Then,

ords—1 L(E,s) = r.

The quantity on the left is often referred to as the analytic rank of E. The goal of this
chapter is to explain the original calculations that led to the conjecture. More concretely,
we will provide a method of computing L(FE,1) for elliptic curves in (6.1). By combining
this with the rank calculation from 4.3, it will be possible to verify for a number of cases
the following weakened version of the BSD conjecture.

Conjecture 6.0.2 (Weak BSD Conjecture). Let E be an elliptic curve of rank r.
Then,
r>0 <= L(E,1)=0.

In other words, this weakened statements says that E(Q) is infinite if and only if the
L—function vanishes at s = 1. Under the assumption that the analytic rank is = 1, Gross
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and Zagier showed that E(Q) admits a point of infinite order [15], which remains to this
day one of the strongest results we have concerning BSD.

In Section 6.1 we’ll calculate explicitly the numbers #E(F,). In Section 6.2 we derive a
formula for L(FE, 1) in terms of the Weierstrass p—function. Lastly, in Section 6.3 we give
a pseudo-code for computing this value and a table comparing it with the rank of F.

6.1 Counting points on F : y?> = 2° — Dx

In order to calculate the L—function of an elliptic curve with integer coeflicients, we first
must find the number of points in each reduction E(F,). In this section, we are interested
in counting the number of rational points in the (possibly singular) curve E(IF,) where g is
a prime power and E : y?> = 23 — Dz. The discriminant of E is A = 4D3. Our ultimate
goal is to prove the following.

Theorem 6.1.1. Let ¢ = p". We have

g+1 if p| A, {z\/f) if p
T, =

g+1—70 -7 ifptA. D)7 ifp

[IEES
w

#E(Fq) = {

In the last case, we assume p = 77, with 7 primary.

First, we’ll consider primes that divide the discriminant.

Proposition 6.1.2. Let F : y?> = 23. Then (E(Fy)ns, ®) = (F,,+) as an additive
group and thus #E(F,) = ¢+ 1.

Proof. Here, E(F,)ns = E(F,) — {(0,0)}. Let t := x/y. Then, 1/t3 = y*/23 = y and
1/t* = y*/2* = x. Therefore, the following map ¢ : E(F,) — {(0,0)} — F, is a bijection of
sets

¢(O) =0, ¢(5E> y) = ZL’/y =t. (62)
It thus suffices to prove that given points (z1,y1) @ (z2,y2) = (v3,y3) we have t1 +ty = t3
where t; = x;/y;. Here, we’ll assume 1 # x2. The other cases can be checked similarly. By
the addition formula

_ 2 _
3 = <yzy1> — T — T2, —Y3= <y2 yl) (x3 — 1) + y1. (6.3)
To — I T2 — I1

We substitute x;,y; < 1/t2,1/t> and simplify to get
1 1 1 1
1_ N 6.4
3 (ti+t2)? 8 (t1+12)? (6.4)

We divide one equation by the other to arrive at t1 + to = t3. O
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Corollary 6.1.3. Let p | A, then #E(F,;) =q+ 1.

Proof. 1f p | D, the result follows from Proposition 6.1.2. Assume then p = 2 and A is odd.
The reduced curve becomes y? = 2% — . But then we do the (invertible) transformation
y < y + x to get y?> = 23 and we reduce the problem to the previous case. O

With this, the case of bad primes is completely understood. We now move to good
primes.

Proposition 6.1.4. Let p{ A and ¢ L3 Then, #E(F,) = ¢+ 1.

Proof. We have two obvious points {oo, (0,0)} in E(F,). For = # 0, we have x # —x (since
p # 2). Hence we can arrange the ¢ — 1 remaining possibilities for x in pairs {z, —x}.

Let f(z) = 2 — Dx. If f(z) = 0 for some x # 0, then the pair {x, —z} yields two
solutions {(z,0), (—z,0)}. Suppose f(z) # 0. By Corollary 2.3.10, —1 is not a square in
Fg. Since the squares of F; form a subgroup of index 2, it follows that one, and only one,
of the two (non-zero) elements f(z) and f(—x) = —f(x) is a square. Therefore, the pair
{z,—x} gives us two solutions (a, j:\/f(a)), where o = £z is such that f(«) is a square.
Therefore, each one of the (¢ —1)/2 pairs {x, —x} gives us two points in #FE(F,;). Summing
up all of the solutions we have a total of 2+ (¢ — 1) = ¢ + 1. O

Proposition 6.1.5. Let p{ A and ¢ =

[F, of order 2 and 4 respectively. Then,

1. Let x2, x4 be multiplicative characters of

#E(Fq) =q+1—-0oy—ay,

where oy = —X4(D)J (x2, X4)-

Proof. This is the hardest case. Here we use the full extent of Gauss and Jacobi sums’
results proven in Section 2.3. To use them, we first need to put the equation for F in
diagonal form. Consider the set

E(Fy) == {(u,v) €F2 : u* =v" +4D}.

We have a bijection of sets F : E(F,) — {(0,0),00} — E(F,).

1(u + v?), 1v(u + 112)> )

F(z,y) := 2z —y*/2%,y/z), Fl(u,v):= (2 5
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Therefore, #E(F,) = #E(F,) + 2. So we've reduced the problem to counting the solutions
of an equation in diagonal form. Notice that, by Corollary 2.3.10,—1 is a square in F,. Let
¢ be such that €2 = —1. We tackle the counting of #E (F,) by considering respectively the
cases where (1) u =10, (2) v =0 and (3) u,v # 0.

Case 1: ©u=0

Since p t D, —4D is non-zero in F,. Also, by hypothesis, 4 divides ¢ — 1. So, by Proposi-
tion 2.3.18, we have

#{v? = —4D} = "x4(—4D) = > xi(D)

j=1 J=1
=1+ x2(D) + xa(D) + X4(D).
In the second equality we used the fact that x4(—4) = x2(2¢) = 1. This calculation already
was done in Example 2.3.17.
Case 2: v=0
Similarly to the previous case, we have

2 2
#{u? =4D} =) x4(4D) =Y x5(D) =1+ x2(D).
i=1 i=1
Case 3: u,v € F}
This is the hardest part. Here, we’ll finally use Jacobi sums.
#{u,v e Fy : u? — vt = 4D}
= Z #{u2 = a}#{’u4 = —b} (Counting)

a,bel,
a+b=4D

2 .
= Z Z Z Xb(a)x3(—b) (Proposition 2.3.18)

2 < i j a <+ 4Da
= Y S i (4Da)x (—4Db) (subsmumn{ : )

abeFy i=1j=1 b« 4Db
a+b=1
2

_ LYW (DYYE (a) v (b x2(4D) = x2(D), )
PP R ML LRERT <{X4<—4D )
a+b=1
2 4 i . . i .

= Z Z Xa(D)x3(D)x3,(28) T (x5, Xx3) (Definition 2.3.20: Jacobi sum).
i=1j=1
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Then, by using the properties in Proposition 2.3.21, we arrive at the expression

g — 3 — xa(D) = X4(D) — 2x2(D) + X4(D)J (x2, xa) + xa(D)J (x2, x4)-
Now we sum all the cases together and simplify, obtaining

#En(Fq) = #En(IFq) +2
=q+14+X4(D)J(x2, x4) + x4(D)J (X2, X4)-

We set a := —xa(D)J(x2, xa) and we’re done. O

The next step is to pinpoint the exact value of ;. We already know it is a Gaussian
integer (because it involves only sums and products of characters of order 2 and 4). More-
over, Proposition 2.3.21 tells us that |ozq|2 = ¢%. So the possibilities for oy are severely
limited. The next Proposition allows us to fully determine its value when ¢ = p, or ¢ = p?

with p é 3.

Proposition 6.1.6. Let x2, x4 be multiplicative characters in F, of order 2 and 4,

4
respectively, with ¢ = 1. Then,

(i) —J(x2,x4) is primary;

(i) Ifp = 3, ¢ = p?, then a, = —p;
(iii) Assume ¢ =p = and p = n7 with 7 primary. Fix ¥, = [=].
Then7 _J(X27 X4) =7 and Qp = [A}f

™

Proof. (i) Here we do

J(x2; x4)
= Z x2(1 —a)xa(a) (Definition 2.3.20: Jacobi sum)
a€lFy
a#1l
= Z x2(1 —a)xa(a) + 1+ Z x4(a) (Proposition 2.3.13: summing over x4)
a€lFy a€ly
a#1l a#1
= 1+ Z (x2(1 —a) + 1)xa(a) (Simplifying).
a€lfy
a#1l

Now, the term x2(1 —a) + 1 is always equal to 0 or 2. Since y4(a) is a unit, it follows that

[\

2421
(x(1—a)+1)xa(a) = x(1—a)+1. (6.5)
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So we have

2+
o~

Jxzxa) =14+ Y (el-a)+1)=1-1+¢-2 = -1,

acky
a#l
Therefore —J (2, x4) is primary. (ii) By Proposition 2.3.21, we know |J(x2,x4)]*> = p°.

Since p é 3, the only Gaussian integers satisfying this property are +p, +ip. From these, the
only primary is —p. So J(x2,x4) = p. So ag = —X4(D)p. It suffices to show that x4(D) = 1.
We know p = 4k + 3. Let a € F} be a generator. Then, we have that No = altr = Ak+1)
is a generator of IFj. So there is some 7 such that x4(D) = xa (D) = x4 (k1)) = 1,
(iii) Here, we already know —J(x2,x4) € {7, 7}. To determine which one it is, we prove

J(x2, x4) 2 0. Let k = (p — 1)/4. We have

oo ()5 O] g

a#1 a#1

[12=1

In the last equality we used Fuler’s criterion and the definition of the quartic symbol. Now
we use Newton’s binomial identity to get

" (k &k . o o [k ,
> ( .)a%(—a)f => ( ) CDIEEEDY ( ) (-1)7 - (=1) =0.
a€Fy j=0 \J =0 \J a€F;, =0 \J

a#1 a#l

In the second equality we used the well-known fact in number theory that Zaele a” =20
provided (p — 1) t n (see Proposition 7.0.3 in the Appendix). In the last equality, we have
the alternating sum of binomial coefficients, which is zero. O

We are now ready to provide a proof of Theorem 6.1.1.

Proof of Theorem 6.1.1. The case where p | A was proven in Corollary 6.1.3. Suppose pt A
and define

4
Then, A = 1 for all n > 1 and we can analyze the number apn. We’'ll use the Hasse-
Davenport Formula (Theorem 2.3.22) prove that ap» = aj. Let x2, x4 be characters of Fy,
of order 2 and 4, respectively. Define

(n)

Xs = X2 0 Npnyp, Xfln) := X4 0 Npnp,. (6.6)

By Proposition 2.3.15, these are also characters of order 2 and 4. From there, we have

apn
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= - Xfln) (D)J(Xgn), Xﬁ")) (Proposition 6.1.5: formula for apn)

= —x4(D)J(x2,n X4,n) (Proposition 2.3.15: Xfln)(D) = x4 (D) since D € Fh)
( ) (n)
= - XZ(D)% (Proposition 2.3.21: Jacobi sums in terms of Gauss sums)
906 x4")
(n)

(n)
_ 906)90u") () () _ v\
= X4 ( ((X2X4)( )) (Xz X1 = (X2xa) 0 Npnp = (x2x4) )
— o 9x2)g(xa) 1"
— |y, (D)X XY
Xa(D) 9(Xs)
= o) (Proposition 6.1.5: formula for ayp,).

(Corollary 2.3.22: Hasse-Davenport Formula)

If p = 1, fix X, = [=]. We proved in Proposition 6.1.6 that oy, = [%]f. So we set T, = oy

4
and we're done. Let p = 3. Again, we have by Proposition 6.1.6 that a2 = —p. Combining
with Proposition 6.1.4, we have

4
q+1—(=p)" —(-p)" ifg=1,
#E(F,) = Ty (6.7)
q+1 if ¢ =3.
By setting 7, = i,/p we reach the desired equality. O

6.2 Formula for L(E, 1)

In this section, we use the calculations done in Section 6.1 to derive some formulas for the
L—function of E at the point s = 1. These formulas will be crafted so that a computer
can easily approximate them. To allow some simplifications, we will assume that D is
fourth-power free and # 1, 2,4, 8. Our starting point is the following product form.

Theorem 6.2.1. We have the following formula for the L—function of F.

D 7 \
L(E,s) = 1| =) .
(.2 1}( [w]aw)

primary
prime

Proof. First, we calculate the local L—functions L,(E,s). To that end, we must know the
correction terms c¢,(E,s) as explained in Section 3.2. We have three cases to consider, all
follow by Theorem 6.1.1.

(Case 1: p| A) In this case, the correction term is ¢,(E,r) =0, so L,(E,s) = 1.
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4
(Case 2: pt A, p = 3) Here, the correction term is c,(FE,r) = —7; — 7, with 7, = i\/p.
In order to put L,(E,s) in the desired form, we do
1 1 1 1

O R Y e R R el )

(2] - \"
_<1 l—p](N(—p)F) . (6.9)

In the last step we used Proposition 2.2.6 that says [2-] = 1.

P
(Case 3: pt A, p = 1) In this case, let p = 77 with 7 primary (which also implies that

7 is primary). The correction term is ¢,(E,r) = —7) — 7/ with 7, = [2]7%. We thus have

1 —_— -1
L,(E,s)= (1 - lf] 7Tp_s> (1 - li] Wp_s) (6.10)
N -1
(o) (e o

Notice that Equations (6.9) and (6.11) have terms corresponding to each primary Gaussian
prime that does not divide A. Therefore, by putting all the terms together in

LE,s)= ][] Ly(E.s)

p prime

L,(E,s)=

we get the desired product identity. O

In order to compute this L—function, it will be useful to consider instead the product
of all primary Gaussian primes, instead of just those that don’t divide A. Since this new
object differs from the original L—function by a finite number of factors, we can easily
recover one from the other. We therefore define

D =\ " D T
boty= 11 (1 - H <Nw>$> - H Wy O

The advantage of working with Lp(s) is that it can be neatly represented as a series instead
of an infinite product, using Euler’s product identity (which can be used in this situation
because complex conjugation, norm and the quartic symbol are all multiplicative). We now
derive an analytic continuation of Lp(s) for Re(s) > 1/2 which will allow us to compute
Lp(1). First, we define some quantities.

Let E, F € Zsuch that D = EF, E is primary with no factors of 2, F = £+2F for some k.
Let R € Z be the product of all distinct primes dividing F, normalized so that R is primary.
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Since D is not a power of 2 (because we assumed D # 1,2,4,8 and is fourth-power-free),
we have E' # 1. We can rewrite the quartic symbol in (6.12) as

o[-l e

In the last equality we’ve used quartic reciprocity, the sign is positive by Proposition 2.2.9
since both E and ¢ are primary. Notice that [%], by multiplicativity of the quartic symbol,
depends only on the class of ¢ in Z[i]/(R) and is equal to zero if o is not coprime to R.
Also, since F' = +2% ~ (1+414)%* and o is primary, by Proposition 2.2.11, the quartic symbol
[£] depends only on the class of o in Z[i]/(K), where K = 4 if F = +1, otherwise K = 8.
By combining everything, we conclude that [£] = [-2][£] depends only on the class of &
in Z[i]/(RK). We then choose the following data.

1. Let K =4if F =41, else K = 8§;
2. Let A be a set of representatives for the elements in Z[i]/(R) coprime to R;

3. Let B to be a set of primary representatives for the elements in Z[i]/(K).

Any o primary and coprime to R can be written uniquely as Ka + RS + RKp for some
a € A, B € B,u € ZJ[i] (see Corollary 7.0.6 in the Appendix). So, we can replace the
summation in (6.12) by a summation in «, 3, u. To ease the notation, define A := Ka+Rp.

Lp(s)

D A+ RKp
= Z Z At REp 3 (Change summation indexes; o0 = A + RKp)
= A+ RKp | (N(A+ RKp))
a€A uelli
BeB
[ D] X+ RK '
= ;A - Z (N(A—:—JZK/;))S ([%] depends only on the class of o in (]Z%[I@))
a L ° 1 pueZli
BeB
[ D] A+ RK
= Z - Z Lﬂ% (Rewrite Nz = |z/?).
aea LA peziy A+ REpl
peB

Now, we would like to find an analytic continuation of the inner sum. Consider the function

1Z v+ I ( sv (s — 1))
L(8) i= — 1—————). 6.14
T PR T G o19

u#0
This function is similar to the original sum, but we’ve added a correction term similar to
the definition of the Weierstrass p—function. Since the summand is O(p=271), it follows
that 1, (s) is analytic on Re(s) > 1/2 and so we can evaluate it at s = 1.

wy(1):l+z L —l—i—%:{(u), (6.15)

pezig TV B K
u#0
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where £ is the Weierstrass zeta-function with periods 1 and ¢. Then, we have

>
2
ez 1V A
n v(s—1
= u(s)+ Z T;rgs (1 - % - V(SM)> (Equation (6.14))
HEZ[T]
p#0
_ _9 —
o sVl v(s—1 o
= Y(s)+ Z PE — Z 272 — Z <’,u’25) (Distribute the product)
REL]i] KELi] REZL[]
u#0 u#0 u#0
v(s—1
= P(s) — Z V(’Z’Zs) (First two sums vanish by symmetry)
HEZ[T]
u#0
= Y(s) —4v(s — 1)(2[1-] (s) (Deﬁnition of CZ[i])-

On the third equality we’ve canceled two sums by symmetry. On the first sum, the terms
w1 and —p cancel each other; on the second sum, the terms p and ¢p cancel each other. The
term (z(;(s) is the Gaussian zeta function (see Definition 2.4.36). We now put together
everything we did so far.

LD(S):Z [1;1 Z At RE:

N L P28
acd pezli A+ RK pl
_ _RK ) D] 3 MRE+7
[RK* S [ A | S0 IMRE + ul*
BeB
REK ' D] S
= ——5: > || (¥nrK(s) = A/REK (s — 1)Czp(s) ) -
|RK|? aeA_)\_( / ()
BeB
Finally, we take the limit s — 1. By Proposition 2.4.37, lims_,1(s — 1){zj; (s) = 7/4.
1 D A _
Lp(l) = —— l] (g () - wA/RK) . (6.16)
RK = | A RK
BeEB

We could stop here, but it’ll be convenient to rewrite this expression in terms of the Weier-
strass p—function. We can choose p to have periods w and iw in such a way that p satisfies
the functional equation

(¢)* = 4¢" — 4p. (6.17)
Then, notice that w?p(wu) has periods 1 and i. This change of periods will simplify later
computations. We can then write the standard addition formula for £ in terms of p.

w p'(wu) — @' (wo)

Slutv) = L)+ &) + 5= T o)

(6.18)
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If we let w = /K and v = a/ R, then \/RK = u+v and we can apply the addition formula
to (6.16).

1o = i T [3] (€ ) < (R) St - )

BB

(6.19)

Now, we use the fact that this expression does not depend on the set of representatives.
Consider another set —A = {—a : o € A} of representatives for the elements in Z[i|/(R). We
can add the corresponding expression (6.19) for —A on both sides. If welet N = R(—a)+K /3

notice that

]

N |

S EIE-Pel]-FUe ws] - ] -

In the first and last equalities we’ve used (6.13). On the third equality to get [_Tl] =1 we
used Proposition 2.2.6. The conclusion is that [%} is not affected when changing o by —a.
Furthermore, £ and @' evaluated on a will cancel out since they are odd functions and g
will remain, since it is even. We then arrive at the following expression for Lp(1).

L D18 e W < [D] e
o) = X |5 (5 (%) /) + 32 3 |3 e

a€cA

peB peB
(6.20)
The last thing we want to do is to show that the first sum on the right-hand side is equal
to zero. To that end, notice the only term dependant on « is [%] = [B2] [RLB], so the sum

on «a is simply Y [-%]. Since E is not a fourth-power (we’ve assumed D is fourth-power
free), the function [+ is a non-principal character in [Z[¢]/(R)]", and thus the summation
is zero by Proposition 2.3.13. So we are left with the final formula

T 2RK 4 | A | 0(Buw/K) — plaw/R)
BeB

6.3 Putting it all together

We are now ready to provide a pseudo-code. To calculate the values of p and @', one
possibility is to use the Taylor series derived in Proposition 3.1.5. A clever and more
efficient method can be found at [7], which makes use of the Weierstrass Uniformization
Theorem to require less computation. Our goal is to calculate Lp(1). After that, one
can recover L(FE,1) simply by removing the bad prime terms in Equation (6.12). More
concretely,

L(E,1) = Lp(1) 11 (1 - lﬂ (N:TT)S> : (6.22)

7 primary prime
w|D
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As we are only interested in whether or not L(E, 1) = 0, it suffices to calculate Lp(1). The
best we can do with elementary tools is approximate Lp(1) and show it is close to zero.
The following (see Theorem 1 in [4]) gives us with a way to calculate it exactly.

Theorem 6.3.1. (f/ﬁ/w)LD(l) € Z.

This tells us Lp(1) is almost an integer: by approximating ({1/5 Jw)Lp(1) and observing it
is close to zero, we can conclude that it is, in fact, exactly zero.

Algorithm 4 calculate_L_ function

Input: E :y? = 23 — Dz an elliptic curve, where D is fourth-power-free

Output: The value of (%/w)LD(l)

Let E,F € Z be such that D = EF, E primary, ged (E,2) = 1, F = 42F for some k
Let K =4 if F =41, otherwise K =8

Let A C Z be a set of representatives of Z[i]/(R) coprime to R

Let B C Z be a set of primary representatives of Z[i]/(K)

Let R € Z be primary and be the product of all distinct primes dividing £

Let g satisfy (6.17) with periods w, iw and w = v2me ™0, ~; (1 — 6*27’”)2 ~ 2.622
Let Lp(1) be as in Equation (6.12) -

return ({l/ﬁ/w)LD(l) truncated to the nearest integer

Tables 6.1 and 6.2 put together all of the main algorithms we’ve explained in this work. It
shows the torsion, the rank (when it is not possible to pinpoint the rank, a lower-bound is
provided), and the value of (:l/ﬁ /w)Lp(1) for various curves of the form E : y?> = x3 — Du.
It also shows the values of F, F, K and R to help others implement this code. In all cases
where the rank can be estimated, we observe that (f/ﬁ/w)LD(l) =0 <= rank > 0,
which is equivalent to the statement of the weakened BSD Conjecture 6.0.2.
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D FE F K R |( f/ﬁ/w)LD(l) Rank Torsion
3 -3 -1 4 =3 1 0 Lo
) ) 1 4 ) 0 1 Zo
6 -3 -2 8 =3 0 1 Zo
T -7 -1 4 -7 0 1 Lo
10 5 2 8 5 0 1 Zo
1 -1 -1 4 -11 1 0 Zo
12 -3 -4 8 =3 0 1 Zo
4 -7 -2 8 =7 0 >1 Zs
15 —-15 -1 4 —-15 0 1 Zo
17 17 1 4 17 0 2 Zs
9 -19 -1 4 -19 1 0 Zo
20 5 4 8 5 0 1 Lo
21 21 1 4 21 0 1 Zo
2 -11 -2 8 -11 0 1 Zo
23 -23 -1 4 =23 0 1 Zo
25 25 1 4 5 0 1 Lo X Lo
26 13 2 8 13 0 1 Zo
30 =15 -2 8 -—15 0 1 Zo
31 =31 -1 4 =31 0 1 Zs
34 17 2 8 17 0 >1 Zo
3 =35 -1 4 =35 2 0 Lo
36 9 4 8 =3 0 >1  Zo X Zo
3r 3T 1 4 37 0 1 Ly
38 =19 -2 &8 -19 0 1 Zo
39 -39 -1 4 -39 0 >1 Zo
41 41 1 4 41 0 >1 Zo
42 21 2 8 21 0 1 Zo
43 —-43 -1 4 43 1 0 Zo
45 45 1 4 =15 0 1 Zo
46 -23 -2 8 -23 0 >1 Lo
47 —47 -1 4 47 0 1 Zo
49 49 1 4 -7 0 >1  ZoxZs
50 25 2 8 5 0 >1 Zo
51 =51 -1 4 =51 2 0 Zo
52 13 4 8 13 0 1 Zo
54 =27 -2 8 3 0 >1 Zo
55 =55 -1 4 —=hHd 0 >1 Zo
56 -7 -8 8 =7 0 >1 Zo
o7 57 1 4 57 0 1 Zo
59 =59 -1 4 =39 1 0 Zo
60 —-15 —4 8 -—15 0 >1 Lo

Table 6.1: Numerical evidence for BSD Conjecture (Part 1)
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D E F K R |( f/ﬁ/w)LD (1) Rank Torsion
62 -31 -2 8 =31 0 >1 Lo
65 65 1 4 65 0 2 Zo
66 33 8 33 0 >1 Zo
67 —-67 -1 4 —67 1 0 Zo
69 69 1 4 69 0 >1 Zs
M -3 -2 8 =35 0 1 Ly
71 -1 -1 4 =71 0 1 Zo
72 9 8 8 -3 0 >1 Ly
" -19 -4 8 -19 0 1 Zo
(A 14 77 0 2 Loy
7w =39 -2 8 =39 0 1 Zo
82 41 2 8 41 0 3 Zo
8 -8 -1 4 =83 1 0 Zo
84 21 8 21 0 1 Zo
85 85 1 4 85 0 1 Zo
86 —43 -2 8 43 0 1 Zs
87 87 -1 4 =87 0 1 Ly
90 45 2 8 =15 0 > 2 Zo
91 -91 -1 4 91 2 0 ZLo
95 -9% -1 4 -9 0 >1 Zo
97 97 1 4 97 0 2 Loy
9 -9 -1 4 33 0 >1 Zy
101 101 1 4 101 0 1 Zo
102 -51 -2 8 =31 0 1 Zo
105 105 1 4 105 0 1 Zs
106 53 2 8 93 0 1 Zo
107 -107 -1 4 -—107 1 0 Zo
110 =55 -2 8 =55 0 1 Zy
111 —-111 -1 4 -—111 0 >1 Zo
114 57 2 8 57 0 >1 Ly
115 —-115 -1 4 —-115 2 0 Zs
116 29 8 29 0 1 ZLo
117 117 1 4 =39 0 2 Zo
19 -119 -1 4 —-119 0 1 Zo
122 61 2 8 61 0 1 Lo
123 -123 -1 4 —123 2 0 Zo
124 -31 -4 8 =31 0 >1 Zo
127 -127 -1 4 —127 0 1 Zo
130 65 2 8 65 0 1 Ly
131 —-131 -1 4 -—131 1 0 Zo
132 33 4 8 33 0 2 Loy

Table 6.2: Numerical evidence for BSD Conjecture (Part 2)
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Chapter 7

Appendix

Proposition 7.0.1. Let R be a commutative ring, I C R an ideal and s1,s9 € I. If
s1 = s9 mod I* for some k > 1, then s = s§ mod IFtn=1 for all n > 1.

Proof. We’ll prove it by induction on n. The case for n = 1 is the hypothesis. Suppose
st =55 mod I**"~1, Then,

S = 51 (s1)"
= (sa+a)(s}+p) (Where a € 1%, g € 1F+n1)
= SSH + asy + s2 + af (Expand)
= 55”1 mod Tt (Since every other term is in I’””*l).

O

Proposition 7.0.2. Let R be a ring and p,h C R coprime ideals (i.e. p+h = R).
Then, p is still coprime to h™ for all n > 1.

Proof. Suppose by contradiction that p+h™ is proper, and thus contained in some maximal
ideal m. But then,

R=vVE=p+b=\vh+ Vb =Vptb Cm,

which is a contradiction since m is maximal, and thus proper. Here, we’ve used the facts
that the radical of an ideal I is the intersection of all prime ideals containing I and that

VI+ T =\VI+VJ. O
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Proposition 7.0.3. Let p be a prime number and n > 0. Then,

0 —1)1n,
Zan:{ (p )1

acF p—1 otherwise.

Proof. Suppose p — 1 does not divide n and let 5 € F), be a generator. Then, 5" # 1 and

p—2 -1
n i /P —1 1-1

aEIF;; =0

It (p—1)|n, Zaeﬂ*‘;anzza@;l:p—l. =

Theorem 7.0.4 (Abstract Chinese Remainder Theorem). Let R be a commutative
ring and I,J C ideals such that I + J = R. Then, there is a ring isomorphism
¢:R/(INJ)— R/I x R/J given by

o) =(@+I1xz+J).

Proof. The map z € R+ (x + I,z + J) clearly has kernel I N J, so ¢ is injective by the
First Isomorphism Theorem. It remains to show surjectiveness. By hypothesis, we can
Write 1l =i+ jfori eI, je J. Then, 1~ (1,1)=(j+1I,i+J),soi— (I,1+J) and
jr— (14+1,J). For any (r+1I,s+J) € R/I x R/J we have

is+jr=(r+1is+J) = (r,s).

Therefore, the map is surjective. O

Proposition 7.0.5. Let a,b be coprime Gaussian integers. Let A be any set of
a

representatives of the Gaussian residues modulo a, i.e. A = {a;}{_,, where a; = 1.
Similarly, let B be any set of representatives of the Gaussian residues modulo b. Then,
for all z € Z[i] there is a unique triplet k € Z[i],« € A, 8 € B such that

z = abk + ba + af.

Proof. We first show existence. Since a and b are coprime, we have (a) N (b) = (ab) and by
Bezout’s Identity (a) + (b) = Z[i]. So by the Abstract Chinese Remainder Theorem 7.0.4,
the map ¢ given by z + (ab) — (z + (a),z + (b)) is a ring isomorphism. Let o € A, € B

a b
be the unique representatives such that o = b~ 'z and 8 = a~'z. Then, we have

p(ba+ af) = (2,2) = ¢(2).
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Since ¢ is an isomorphism, ba+af = z, so there is some k € Z[i] such that z = abk+ba+ap.
Now we prove uniqueness. Let oy, a0 € A, (1,82 € b and ky, ko € Z[i]. Assume

abki 4+ bay + a1 = z = abky = bag + afo.

We consider the equations mod a and mod b, obtaining
a b
bay = bag, aBi = afs.

a b
Therefore a; = as and B = f2. But A and B contain exactly one representative for each

Gaussian residue, so a3 = ag and 1 = (2. But then, in the original equations we are left
with abky = abks, so k1 = ks. O

Corollary 7.0.6. Let K = £2* and R be primary. Let A be the set of representatives
for the elements in Z[i]/(R). Let B be the set of representatives for the elements in
Z[i]/(K). Then, for all z € Z[i] be primary and coprime to R, there is a unique triplet
k€ Zli],a € A, B € B, with a coprime to R and § primary, such that

z = abk + ba + af.

Proof. By Proposition 7.0.5 we know there is a unique triplet (k, «, 3) satisfying the equa-

tion. It thus suffices to show that a must be coprime to R and S must be primary. We
have

z=KRk+ Ka+ R =Ka+ R(B+ Kk).
Since z is coprime to R, o must also be coprime to R. Similarly,

2
1

[

i 2424
z=KRk+ Ka+ R = =0,

so § must be primary.

7.1 Power residues

Definition 7.1.1. Let p be a prime number. For n > 0, let R,, < Z, be the subgroup
of 2" —residues. That is,

Ry :={a€Z, : 22" £ ¢ admits solution}.

Note that R,+1 < R, for all n.
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Proposition 7.1.2. Let p be an odd prime and pick k£ > 1 such that p = 2k 1+ 1.
Then, for all a € Z,

1. forr <k,a€ R, — a1/ £ 1; moreover [R,_1 : R, =2;

2. forr >k, R, = Ry.

Proof. Statement 1: we prove the first part by induction. For r = 0, the left side of
the equivalence is trivially true and the right side becomes Fermat’s Little Theorem. For
0 < r < k, we have two directions to prove. (=) In this case, let a = b", then aP=1/2" —
-l £, (<) By squaring both sides we get aP=1/2""" = 1. By induction a = b and
so bP=1/2 £ 1. By Euler’s criterion b = ¢%. So a = ¢?" and we’re done. To prove the second
part, define the homomorphism ¢ : Ry_1 — {£1} given by

() = 2@ D/2" mod p.

This is well-defined since for z = yzkil, o(x) = y®=1/2 which is congruent to £1 by Euler’s
criterion. Ker(¢) is equal to the subgroup of 2¥—residues, Ry < Rj_i. Also ¢ is clearly
surjective since (};) is surjective. Therefore [Rj,_1 : Ry] = 2.

Statement 2: again, we’ll argue by induction. For » = k there is nothing to prove. For
r41 > k, assume a is a 2" —residue. We want to show that it is also a 2" ! —residue. Write
a="b" and ¢ := bzk_l, soa=c""" Ifcisa 2F _residue, we’re done. Suppose it isn’t.
By Proposition 2.3.10, —1 is not a 2¥—residue. Since [Ri_; : Rx] = 2 by Statement 2, it

follows that —c is a 2 —residue. So ¢ = d?* and a = 2" = @2, O

7.2 Proof of the Descent Theorem

Proof of Theorem 4.0.4. (1 = 2) First, we’ll show that |['/2I'| < co. Let ay,...,a, be the
generators of I' and pick [p] € I'/2I". We have that

n n
p= Zniai = Z k;a;.
i=1 i=1

where |k;| < 1. So, the set is finite.
Now we’ll show that I' admits a height. By the Fundamental Theorem of Finitely

Generated Abelian Groups, we know that I' = Z" & H for some finite group H. For

p = (p1,..,pn, h) € T, define the height (h,s, k) of T as h(p) := max; |p;|?, s(p) := 2h(p),

k := 0. We need to prove the three properties established in Definition 4.0.3. Property (3)

clearly holds. For property (2) we have

‘2

h(2p) = max |2p;|* = 4max |p;|* = 4h(p) = 4h(p) + k.
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Lastly, for property (1),

h(p + q) = max [p; + ;" < max(|pi + |gi])* < max 2(|pil” + |gil*)

= 2max il + 2max |ail* = 2h(p) + s(q)-
(2=1) Let pp € I. Let {q1,...,gn} =TI'/2I". Then, we have that

Po = iy + 2p1
D1 = Qiy + 2p2

Pm—1 = 45, + 2pm-

And so po = iy + 2Gi, + ... + 2™ Lg;, 4+ 2™pp,. So, p can be written as a combination of
{q1, s qns Pm }- We will show that, for m large enough, p,, has only finitely many possible
values. For any p; with j > 1 we have that

4h(p;) < h(2p;) + k = h(pj—1 — @i;) + k < 2h(pj—1) + s(=aq;;) + k < 2h(pj—1) + k' + k.

Here, k' := max; h(—¢;). And so we get

1

h(pg1) + (K +K) = Shipj 1) — {(hlpj1) = (K + ).

(NN

h(p;) <

We have two possibilities.

(Case 1: h(pj—1) — (K’ + k) < 0) In this case, h(p;—1) is bounded by k' + k.

(Case 2: h(pj—1) — (K" + k) > 0) In this case, h(p;) < (3/4)h(pj—1). So the height has
decreased by a factor of 3/4. We can keep decreasing the height in this fashion until we end
up at case 1.

And so we conclude that there must be some m such that h(p,,) < &’ + k. By the third
height property, we get that p,, belongs to the finite family {¢1,....txy} ={z €T : h(z) <
k' +k}. With this, pg can be written as a combination of {qi, ..., gn, t1, ..., tn }. Since py was
arbitrary, I' is finitely generated. O
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